Four Triangle Segments

and their Algebraic Analysis

(Ok, it is really three segments and a line)

Medians of a Triangle

We begin with a triangle with vertices at (0,1); (7, 0) and (4, 6) .  At this point we should know how to find the midpoint of each side, the length of each side, and the slope of each side which we will need later.  Find all of these below
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Lengths  AB ______ AC ______   BC_______

Midpoints    mAB______       mAC______         mBC_______

Slopes   AB_____AC _____ BC ______


In the figure at right I have added the median from A to the midpoint of BC.  Since we know both the vertex coordinate (0,1) and the coordinates of the midpoint (5.5, 3) [I hope that is what YOU got for your answer above.] we can write the equation of a line through the two points in two steps.  

Step one: Find the slope of the median line 
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    5.5,  2  
 so the slope is 2/5.5 or 4/11

 Step two:  we know that it passes through (0,1), so using point-slope method we can write the equation as (y-1) = 4/11 (x-0) or in slope-intercept form we get y= 4/11 x –1 , and since we want to dazzle you later with systems of equations, lets add the solution in standard form, 4x – 11y = -11.  


Now you find the equations of the other two medians (B to mAC and C to mAB).  Write the equations in any form you wish.  Median from B through mAC _________________________

Median from C through mAB __________________________________

The three medians of a triangle intersect in a single point
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called the centroid of the triangle.  It is the center on which the triangle would balance if made of a uniformly dense material.  One of those beautiful things I love about math is how sometimes as you work through one method of finding a solution, another elegant approach may show itself… Toward such a discovery about the centroid,  do the following:

Make a system of equations using the two median line equations you just found above and find the solution of their intersection.  (do this by any of the means you have learned, graphing, substitution, or elimination).  Give the intersection of the lines here (____ , _____).  Now it should be clear that if all three medians intersect in a point, it must be this point.  I have completed the first illustration with all three medians at the right.  Does the point you found look like the intersection on the graph?    Be sure to write the x and y values of the intersection point as fractions, because it really makes something clear.  Now add the x-coordinates of all three vertices.  Add the y-coordinates of all three vertices.  What do you notice?  

Where did the denominator of the fractions come from?  How could you use this idea to find the centroid in other triangles if the vertices were given? 

Altitudes and Perpendicular Bisectors
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A segment from a vertex that is perpendicular to the opposite side of the triangle is called an altitude of the triangle.  It should be clear that every triangle will have three altitudes.  I have used the previous triangle and drawn one of the altitudes in the new figure at right.  It should be emphasized that normally, the altitude does NOT pass through the median.  In fact, the only way that  can happen is if the two sides meeting at the vertex are congruent, and hence the triangle is isosceles. The equation of the line through the altitude is easily found by the point-slope form of a line by knowing that the altitude must pass through a vertex, in this case point C, giving us the coordinates of a point; and that it must be perpendicular to the opposite side, in this case segment AB.  The easy steps to finding an altitude then are :

Find the slope of the opposite side… We have already found the slope of AB at the beginning of this article.  Hopefully, you agree that the slope is –1/7.  What does this mean about the slope of the altitude through C.  

So know you know the slope of the altitude, and a point it goes through, Point C, so write the equation of the altitude from C to AB.  _____________________________

Now find the equations of the other two altitudes of triangle ABC

Altitude Through B ________________     Altitude through A  _____________________

The three Altitudes of a Triangle intersect in a single point

called the orthocenter.  Pick two of the three altitudes equations and write them as  a system of equations, then solve for the orthocenter  of the triangle.  Give the coordinates of the othocenter (____, ____)   

Perpendicular Bisectors of the sides


A perpendicular bisector of a segment is a line that is a) perpendicular to the segment and b) passes through the midpoint.  I will go through the steps of finding the perpendicular bisector of AB, and then you can find the other two perpendicular bisectors of triangle ABC.  

Find the slope of the side…. We already know the slope of AB is –1/7 
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Find the slope of the perpendicular   --- so know we know the perpendicular has a slope of 7… keep in mind that the perpendicular bisector will always be parallel to the altitudes.

Find the coordinates of the midpoint (in this case mAB has been found earlier to be (3.5, .5) [which I hope agrees with your answer on page one].  

Write the equation of the line:::  Point slope   y-.5 = 7 (x-3.5)  

                                                    Standard        7x-y = 24

Now you find the equation of the other two Perpendicular Bisectors

PerpBis of AC   _____________________ PerpBisof BC _____________

Note in the figure that the perpendicular bisector is the only one of the three lines we have studied that does NOT necessarily pass through the vertex of the triangle

It will not surprise you now to know:

The Perpendicular Bisectors of the sides of  a triangle intersect in a point

called the circumcenter.  It is the center of a circle that passes through all three vertices of the triangle.  

  Use the equations you wrote for the perpendicular bisectors to find the circumcenter of the triangle (___, ___).  

If this is the center of a circle and the vertices are on the triangle, then the circumcenter should be the same distance from each of the three sides.  What is the radius of the circle that contains or circumscribes the triangle? R=______________

Medial Segments 
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The medial segments of a triangle are the segments that join two of the midpoints.  To write the equation of a the line containing the medial segment we just use the coordinates of the two midpoints and write the equation of the line passing through both.  

The segment joining the midpoints of two sides of a triangle is parallel to the third side

Find the slope of each of the line connecting the midpoints mAB and mBC  ____________

 To which line should it be parallel ?   ______________   What is the slope you found for this line ____________  Does this confirm that they are parallel?  _____________

The segment joining the midpoints of two sides of a triangle is ½ the length of the third side

Find the length of the segment joining midpoints mAB to mBC ________  Which side should this length be ½   ________________  What is the length you found for this side of the triangle ____.  Does this confirm the theorem? ____________

If you are so excited! about the three centers of a triangle that you just can’t stop learning,  here are some links that may be of interest on the internet.  

If you have a java-enabled browser you can play with an interactive java sketchpad demo that allows you to adjust the triangle and watch the movement of the three centers in this lesson with the coordinate of all points included.   http://www.pballew.net/centers.htm
Some explorations of the centroid as a center of gravity and an extension to three space can be found at http://www.pballew.net/centroid.html
Some additional investigations and information about medians can be found at http://www.pballew.net/medians.htm
 Additional information about the Orthocenter, including a conjecture extending the Droz Farney Theorem can be found at   http://www.pballew.net/orthocen.html
Additional topics about the origin and meaning of many words of mathematics can be found at http://www.pballew.net/etyindex.html






_1097992998.unknown

