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I think the time has come to remove the quadratic formula from the curriculum.  Perhaps we should make an exception for the occasional historic lessons in which we may make reference to the methods of cut and paste algebra of the past and trot out colorful names like “the Hindu method”.  And the process called “completing the square”, though less mindless, may be an unnecessary barrier to many students in the modern classroom, also useful only for motivational lessons promoting historical interest, or enrichment beyond the standard.  

In the next few pages I will try to defend these statements as rational, and supply an alternative that is conceptually based, more efficient for any student, and more likely to be remembered and comprehended by the more marginal students that are becoming commonplace in Alg I and II as we open our curriculum to a wider student population.  

Introducing the villains


So what is wrong with the quadratic formula?  Independent of its derivation by completing the square, it is a purely memorized approach to solving quadratic equations which has no other use.  It doesn’t help you visualize the graph and it provides no conceptual link to anything else you do with quadratic relations. On the other hand, the art of completing the square is a nice historical lesson and when tied to its geometric foundation it does provide a neat conceptual package for learning as long as you carefully construct each problem to meet the pre-sixteenth century limitation of no negative areas.  Treated in the abstract sense of modern notation, the idea of completing the square becomes just another abstract algorithm memorized by the student, but with the advantage that it will allow some understanding if applied correctly to the general quadratic to convert it to vertex form [y=A(x-h)2+k ] and also can be used to adjust general 2nd degree equations of conics so that they can be written in the standard form.  Its usefulness is of no consequence to many weaker students.  Classrooms today are filled with students for whom the level of algebraic manipulation required to simply apply it to solve a quadratic equation, much less to use it to find the vertices of a hyperbola is far beyond them.  For the 50% of your students who would not have been in Algebra II thirty years ago, I believe that the following approach will yield much greater results, and strongly suggest these alternatives to the conventional approach.

So Instead, use …..


I first introduce my substitute for the quadratic formula/completing-the-square process when I teach students to graph quadratics, which I take to be an Alg I topic.  I see the graphing of any quadratic as necessitating three elements; the orientation (opens up or down and later right or left), the location of the vertex (which may be thought of as two elements, but I count it as one), and the constant of acceleration, or A term which dictates rate of curve of the graph. My present sequence of instruction follows the sequence below.

Graphing y=x2
I would introduce y=x2 early in the Alg I sequence as a special curve, and teach students how to find exact values by using the basic quadratic acceleration curve.  As you move p units right or left of the vertex, the curve goes up p2.  We recite “Over 1, up 1; over 2 up 4, over 3 up 9” until they need only to hear “over 1..” and they get the rest.. For y=-x2  we emphasize the idea that it goes down instead of up.  On any evaluation of this process I require at least five exact points to be sketched, one of which must be the vertex.  

I suspect this is not too different from how many already approach this in Alg I.  (see, you are agreeing with me already)

Graphing y=(x-h)2 + k


Still early in Algebra I as you study families of curves, they should be able to translate the basic y=x2 shape and be able to graph any quadratic of this form.  Again, I think this is the present practice in many classrooms. 

Graphing y=A(x-h)2+k


And still early in Alg I the adjustment for different levels of acceleration or curvature (I use the term acceleration constant for physical reasons, but many teachers simply refer to it as the A value, or the quadratic constant).  Having drilled the “over one up one” song into their hearts and minds, we now simply repeat it with “over one, up one times A; over two, up four times A; over three, up nine times A.   With these simple steps they have learned to graph all quadratic functions of y in terms of x.  The reversal, graphing x=f(y) occurs in Alg I also when I introduce halves of this function for the family of y=
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.  This is a superficial treatment at this level to make it possible for them to graph and translate roots, and the actual x=f(y) notation does not show up until Alg II and the introduction of inverses.  

At Last the Hero emerges /// Graphing y=Ax2+Bx+C


It is at this point that the foundation for a new method of solving quadratic equations is put down.  It is also at this point that the one and only memorized element of the solution emerges.  Through a process of repeated graphing of general equations on the calculator, I lead them to intuit that the x-coordinate of the vertex of y=Ax2+Bx+C is at 
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.  We do many of these, and work through some that have an axis of symmetry at x-values that are ugly fractions.  In a fifteen-minute session kids take pride in being able to come up with the axis of symmetry of equations like 
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(although the first time you write a really ugly number in the constant term they panic, until they realize it does not effect the x-value at all). 
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Now we proceed to impress upon them something they already know, but need to have restated… If you know x, you know y. That’s what the equation y=f(x) is for.  I do this by reminding them that when they have an ugly x they can store that value in their calculator, and then just type in the quadratic equation and see the value of y (see image at right).  For some students all x values are ugly, and the calculator becomes their standard approach to finding the y-value of the vertex.  


At this point we only need to convince them that they now have all they need to rewrite y=Ax2+Bx+C as y=A(x-h)2+k and if they can do that, they can graph any quadratic function written in standard form.  

Preparing the soil for a concept based quadratic solution.


Throughout Alg I and II as they graph parabolic curves we should regularly mark the point where the graph crosses the x-axis, and if possible, mark out exact x-intercepts.  Almost from the beginning of quadratic graphs we should ask, before it is graphed, “Will this one cross the x-axis?”, “How do you know?”  Later the x-intercepts become the zeros of the function and solutions of the equation with only a slight change in vocabulary.  

 “Which way does it open?” And “Where is the vertex?” Become daily pre-graphing questions.  The calculator, which was such a formative element in our discovery process, should now become briefly forbidden or used only as a checking resource as we ask questions that develop the conceptual foundation of solving quadratic equations.  

Students quickly become very proficient in graphing parabolas and knowing whether there are x-intercepts or not, and how many there are (two, one, or zero?, no need for the discriminant if they can see the answer in their head). A conceptual understanding displaces a memorized item.  

Not quite solving Equations


As we progress in graphing quadratic functions I begin to specify certain points that have to be labeled, the vertex was always required, and now I add the x-intercepts and y-intercepts.  They quickly associate the C term with the y-intercept (so why do I still get kids in Calculus who haven’t picked that up???).  One of the high points of this approach is when a student “discovers” that you can create C from the vertex formula by the relation C=A(h2)+k.  I always name this for the first student in the year who comes up with it, and if they don’t get it on their own, it is easy to lead them up to it with a binomial expansion on the board. 
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Time again for patterns 

Starting with equations which have exact integer values for the x-intercepts we do the preliminaries for graphing, which is essentially finding the (h,k) values for the vertex and then we review the curvature drill.  “Over one up one times A, …”
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Drawing a line from the vertex horizontally to the right until it just reaches under the location of the x-intercept, and then another up from this point until it touches the x-intercept; I ask questions.  Do we know how far over to go to get to the x-intercept?  Do we know how far up we have to go?  At first they don’t see it.  If we are at (2,-9) we need to go UP NINE to get to zero.  With patience first one, and then several, will start to get it, and soon they all see.  

From here I spell the equation out for them.  To find out how many units right or left from the vertex, we just solve ax2=d where d is the distance we need to go up or down (and is the absolute value of the vertex).  We repeatedly solve this to get x-intercepts at 
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 where d is the vertical distance to the x-axis from the vertex, and h is the x-coefficient of the vertex. Students come to realize that, like all values of equal height on a parabolic curve, the x-intercepts (and later the solutions) are the same distance away on each side of the axis of symmetry.  

The Hero enters… 

At Last, A Quadratic Equation is Solved, almost mentally


When the time finally rolls around to solve 0=Ax2+Bx+C, like all of you, I start with selected examples to make the method clear.  My first choices are selected not so much for the solutions as for the locations of the vertex.  0=x2-6x+5 may seem easy to use because it is factorable, but I would teach factoring AFTER I covered solving the equations (I think of solving as the easy way to factor, not the other way around).  I think 0=x2-6x+5 is easy because its vertex is a perfect square distance away from the x-axis, and that is where I begin my introduction to solving quadratic equations.  

    I focus the early part of solving around associating the equation to be solved with the x-intercepts of the related equation with y in place of zero.  With that thought in mind, we change the search for solutions to a search for intercepts, which they already know how to do.  It is at this point that I first use the ( notation, but for a (very) long time I never do it without expanding it out into two values.  


At this point we have effectively solved any Quadratic equation Ax2 + Bx + C = 0 by translating it into A(x-h)2+k =0 and then using the knowledge obtained from our graphing to show that 
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.  Purists will note that there should be a –k instead of k in that root, but for a while I treat the k as a distance, which is always positive.  Later when we get into complex solutions, I will augment this with an adjustment that puts the negative in place. I spend a good amount of the time in this unit working on the idea that if A and K both have the same sign, there is no solution and the graphic image behind the different possibilities when k is positive, negative, or zero for both possible signs of A.  
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So What about Completing the square in Conics..

One of the places where completing the square came in useful was when you had a general 2nd order equation of a conic and wanted to rewrite it in standard form.  I will illustrate this with an example of both ways to point out the simplicity of the new approach.  For our example we take a regular classic from any Alg II textbook, 9x2 - 54x + 4y2 + 8y = -61.  Here is the usual progression with annotations of the commonly used present approach.

9x2 - 54x + 4y2 + 8y = -61

Group and Factor

9(x2 –6x) + 4(y2 + 2y) = -61

Complete the square on both terms

9(x2 –6x + 9)+ 4(y2 + 2y +4) = -61  + 81 + 16

Every math teacher who has ever taught this topic knows that one of the most common mistakes at this stage is for “– 61 + 9 + 4” to appear on the right instead of the correct values, or even worse, just the negative 61.  Each year I found a larger and larger number of students who simply could not master this topic.  For students who got this far, the rest of the transformation was seldom a problem.  


For the alternative, the only action is the replacement of equal quantities.  

9x2 - 54x + 4y2 + 8y = -61

Think of each expression in x and y as a general quadratic and rewrite in vertex form

9(x-3)2 - 81 + 4(y+2)2 –16 = -61

Notice that the squares emerged from a direct interpretation of the values present and required no preliminary prepping by factoring.  Also note that the mysterious -81 and -16 appear as y values of the vertex and there is never confusion about the 9 and 4 as they never even come into mind.  I have found that adding 81 and 16 to get the terms on the other side poses little problem.  I have found this approach to be successful for a much wider audience, and I dare to hope that if the method I have suggested was introduced from the start in early Alg I and supported by textbooks or well written supplements to the textbook, that an even wider population would be successful at this point in the Alg II and Math Analysis curriculum.  

And what about those Complex Solutions?


When the time arrives to introduce complex solutions the vertex approach should be well developed.  Some may choose to adopt a formal approach earlier than this, but if not before then at this point I suggest we formalize the solution process. 

Using a general example, we can rewrite any equation of the form Ax2 + Bx + C =0 in the form A(x-h)2 + K = 0  and solving this by traditional methods we get 
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and finally
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At this point if we encounter the case where K and A have different signs, we end up with the square root of a negative number and proceed with the standard simplification that 
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Teachers should note that we have arrived at a formula not greatly different from the traditional quadratic formula, and by a method not greatly unlike the completion of the square, but the end result is a much simpler notation, and the derivation had less of the pitfalls that usually cause problems for the weaker student.  

And then he mounted his trusty steed and rode into the sunset

At this point I step down from my soapbox and await your thoughts.  I have tried this in varying degrees for the last few years and really believe it is an effective strategy. This year I cover no other approach to quadratics.  All graphing and solving operations in Alg II and Math Analysis are approached by this method, and as yet I do not see a down side to the elimination of both the quadratic formula and completing the square.

I hope some of you will try it, and hope even more that it will be successful for you.  If you can suggest flaws in the above reasoning which have escaped me, please send corrections.  If you have been successful with the previous methods and have some insight that would help the rest of us be more successful, please share that as well.  
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