Paradox, A Different View

Ok, let’s introduce paradox with a simple example.  Here is the situation, suppose you are offered your choice of two wallets.. call them the brown one and the black one.  All you know is that one has twice as much money as the other.  You pick one, say the brown, and wait. 

 Now the fun begins.  You are offered the choice of keeping the one you have (brown) or switching it for the other.  Being a clever math student, well versed in probability, you compute the expected value of a switch.  If we call the amount of money in this wallet x, then the amount in the other wallet is either 2x, with a probability of 50%, or ½ x, also with a probability of 50%.  So the expected value is 2x(.5) + ½ x(.5)  or 5/4 x.  But that is more than x, so it is to your advantage to switch, so you do.

Now you have the black wallet, and feel like you may have just put one over on the host, but before you can go he asks, “Would you like to switch back?”.  What??? Why ?? But then you crunch the numbers.  “If we call the amount of money in this wallet x, then the amount in the other wallet…”  Ok, so whichever one we have, according to the expected value concept, we are better off switching.  Of course one of them has to be better than the other, but as long as you don’t know, the implication is that switching is better than keeping the one you have.  I can’t help but note the comparison to the hotly debated “Monty Hall’s Dilemma” of recent years in which it was shown that it was better to switch… and no, I am NOT going to get into that one…. but you can find it all over the net.  

A paradox is an idea or a relationship between ideas that seems to belie logic or rational thought. The word paradox is from the Greek paradoxon joining the roots para for beyond with doxa for belief or opinion, literally, something beyond belief.

According to a Chronology of Recreational Mathematics by David Singmaster, the first examples of Paradoxes appeared around 330 BC in the writing of Eubulides. Others cite earlier examples include the liars paradox created by Epimenides in the 6th century BC.  In verses 12-13 of Chapter 1 of his Epistle to Titus, St. Paul writes: `One of them, a prophet of their own, said “The Cretans are always liars, evil beasts, lazy gluttons.”  This allegation about Cretans is supposed to have been made by Epimenides, a native of Cnossus, which is the capital of Crete. So here we have a Cretan saying that all Cretans are liars. If he is lying, then his statement is true, so he isn’t lying, but if his statement is true, then he isn’t lying, so his statement is false.  In spite of their long history, the term paradox for such logical constructions seems to have been created by Bertrand Russell early in the 20th century.

Perhaps the biggest paradox of all is that there are paradoxes in mathematics.  I’m not going to try to classify the different types of paradox formally, but I will share several general types.  One type would surely be the self-referential paradoxes, like the liars paradox above, or the sentence that reads, “This sentence is false.”  Another type that students see often I call the 1=2 type.  This paradox involves the manipulation of equations to produce an obvious non-truth.  Usually they include some hidden division by zero or other error and, in my opinion, are more like tricks than true paradoxes. There are also many paradoxes that have to do with our view of infinity, and how different it is from our perception of reality. Zeno’s paradoxes are of this type.    The inconsistencies of language often create another kind of paradox such as the sorities or heap paradoxes.  One grain of sand is not a heap, two grains of sand is not a heap, and yet, adding one grain of sand at a time, eventually we would look at the sand and say, “Look, a heap of sand.”  But it seems impossible to pick a point at which you would say the pile of sand was NOT a heap, but if you add one grain, it will become a heap.  As fascinating as all types of paradoxes are, in this article I am focusing on paradoxical ideas related to probability and the statistical idea of expected value.  

In the Southwest corner of England, the Cornish Miners have been extracting tin and other metals from the earth for at least three thousand years.  The invention of the steam engine changed their life.  For one thing it allowed them to pump water out of the mines and go much deeper into the earth.  But much more interesting, at least to me, was a use they made of the long, 12 to 20-foot stroke of the piston.  It was called a Cornish Man Engine and they appeared in the mid 19th century
.   The pumps were driven by a long shaft that moved up and down in the vertical shaft.  The miners attached steps the length of the moving shaft.  As the shaft moves up, the ladder like steps move up, and then back down.  At first thought, that seems a futile way to get up and down in the mines, but they complimented the moving ladder with a second, long stationary ladder beside it reaching the entire 1800 foot depth of the shaft, but which they never climbed.  It was by using the moving and the stationary ladder together that got them up and down the mine shaft.   What the clever miners realized was that they could move back and forth from the moving ladder to the stationary ladder, and make an almost effortless trip up and down the long mines. Simply stepping on the moving ladder as it moved in one direction and then stepping off to pause on the stationary ladder on the opposite stroke would carry them into and out of the mines.   That same back and forth motion holds the key to a strange but lovely idea of probability and expected value that is called Parrondo’s Paradox.   Parrondo’s paradox is a very modern paradox, created by Juan M. R. Parrondo of Madrid.   

Suppose you played a game in which you won one dollar each time a coin came up heads, and lost a dollar each time it came up tails.  With a fair coin over the long run you would expect to break even.  To complicate the game suppose the coin was slightly biased, so that you only got heads 49% of the time.  On average, for each hundred flips, you are going to lose $2.  Ok, not a very good risk. Over time there would be a slow, inexorable drain on your wealth.  Now imagine a different game.  It has two coins. One is biased in your favor so that you win on 74% of the tosses; the other coin will only let you win 9% of the time.  The rule for the second game is that you can flip the good coin except when your winnings total a multiple of three (including zero), and then you had to flip the bad coin.  Although it seems like winning so often you would make a profit, the compound game also is a losing game 

But what if you could learn from the Cornish miners and manage the up and down movements in your favor?  In fact, little management is involved.  If you were allowed to switch randomly between the two games, you could make a profit.  Game A is a losing game, Game B is a losing game, but if you are able to switch back and forth between them, even at random, you will win.  A mixture of two losing games becomes a winning game, how very strange.  You might try to simulate this to see the result for yourself.  There is at this moment (never know how long things will stay put on the internet) an “On-line Simulator for Parrondo's Paradox”
 by Lee Spector.  The page intro reads, “This page allows you to test, demonstrate, and experiment with Parrondo's paradox as explained in "Losing strategies can win by Parrondo's paradox" by Gregory P. Harmer  and Derek Abbot, in Nature, Vol. 402, 23/30 December, 1999.”
According to a note on Alex Bogolmony’s site, “Sandra Blakeslee reported last year in NY Times that Dr. Sergei Maslov from Brookhaven National Laboratory had shown that if an investor simultaneously shared capital between two losing stock portfolios, capital would increase rather than decrease. (On the downside, as of the time of writing, it was too early to apply his model to the real stock market because of its complexity.)”  Darn, one of the things I can do pretty well is pick losing stock portfolios.  

The Petersburg Paradox 

The end of the 20th century may be marked by historians as the age of the lottery. In lotteries people bet small amounts, often less than five dollars, in the hopes of winning millions, and a few do. What would you pay, then, for a chance to win unlimited wealth?  How much for a ticket for which the expected return is infinite?  For most people, it seems, not very much. The contradiction is the root of what has come to be called the Petersburg Paradox 
Suppose I offered to give you money based on how many times you could flip a coin before the first "tails" came up. If it occurs on the first flip, you win $1. If the first tail comes up on the second flip, you win $2, on the third $4, on the fourth $8 etc with the award doubling for each additional heads before the first tail. 

According to the rules of probability your chance of winning $1 is 1/2. The chances of $2 is 1/4, $4 is 1/8, ... and $2n-1 has a chance of 1/2n. Adding all the possible winnings together you get 1/2 + 12 + 1/2 + ..... but that is an infinite amount of money; would you pay $1000 to play??.. even $100? Most people, it seems, would not, and with good reason. When Georges Leclerc, the Comte de Buffon simulated the game for a long period, he found that he would have only won $10,057 in 2084 games (This is in the age before computers, so he had a child flip a coin to simulate 2048 games, something in excess of 4000 flips of a coin). That would be an average of about $5 per game if he worked in dollars. In his report of the 2084 games, no run of heads exceeded nine, for a highest payoff of $256 

The name for the problem comes from the fact that it was first discussed and written on by Nicholas and Daniel Bernoulli while they were professors at the Academy in St. Petersburg. You can find a translation of some extracts
 from this correspondence at the web site in the footnote. The problem is also called the St. Petersburg Game for the same reason.

If you think you are willing to pay $20 a game, there is a java scripted simulation
 that will show you how well you would do.... Good luck.  I tried it and if it had been real money I would be totally broke now.  (ok, I’m broke anyway, but not because I bet on the game)  A good challenge for the reader would be to simulate the game and see what you think would be a fair amount to pay to play the game.  Keep in mind, if you were the house, someday someone may come along who is very lucky, and there is no limit to what they could win. 

The paradox of the Imp in the Bottle 
Would you pay $100.00 for a magic bottle that would grant your every wish except prolonged life? All the wealth you could dream of, fame, and beauty could all be yours. Would you pay if you knew that you must sell the bottle for less than you paid or you would be damned for all eternity? (of course this is one of those consequences that is difficult to define, so accept it as something really nasty that lasts for a long time, like watching StarTrek reruns for one-thousand years.. yeah, you think you like them now…) This is a paradox from the story “The Bottle Imp” by Robert Louis Stevenson.   What paradox?   Well consider that no one would buy the bottle for one cent since they could not sell it for less. Certainly no one would pay two cents because they would have to sell it for one cent and we already see that no one would buy it for one cent, so they would not buy it for two cents. By the same argument the price is raised to any king's ransom, and yet, at some high price, wouldn't you buy it?  After all, you only have to find one guy who would buy it for less… but then… hmmm, very paradoxical to me.

This type of paradox, where the result of many little logical truths is contradictory to their chained consequence, is related to the heap paradox that I mentioned earlier. 

Simpson’s Paradox is becoming one of the better known paradoxes because so many students are introduced to it in high school statistics classes.  The idea is well explained in the following notes snips and comments I took from an article by Jay Mathews in the Washington Post which includes some quotes from an ACT document.  

" The national average for the SAT went up only four points between 1981 and 2005…”

Ok, that doesn’t sound too good, especially with all the money and time we have put into education.  But wait, the article (in fact the same sentence) went on to add, 

“, but the average for whites went up 10 points, for blacks 21 points, for Asians 37 points, for Mexicans 15 points, for Puerto Ricans 23 points and for American Indians 18 points.”

Wait!?! If every major subgroup went up by 10 points or more, how could the national average go up by only four points. The answer of course, is Simpson’s Paradox.  The key to understanding lies in the change in the demographic groups that take the test.  In 1981, 85 percent of SAT test takers listed their race as “White”, but by 2005, their percentage had decreased to 63%.  “Black” had increased from 9% to 12%, and 4% of the test takers in 2005 listed their race as “Latino”, a selection not available in 1981. 

 So how does that explain the difference? Well, let’s take a simplified example that is totally fictitious (and I just made it up).  Suppose we had two sub-populations, the Hatfields and the McCoys.  85% of the people who took the Gap-Toothed-Bumpkin Exam in 2000 were Hatfields, and they scored an incredible 75 Points.  The other 15% of the test takers were McCoys, who scored 45 points.  This brought the national average for all bumpkins to 70.5 points.  Now time passes, and the Hatfields have raised their average to 80 points, up 5 points.  The McCoys have raised their average a whopping 15 points, to have an average of 60, and there are now many more of them testing, in fact, there are now as many McCoys taking the test as Hatfields.  So the overall national average is 70 points…. ????  What??? That is ½ a point below what is was before the improvements in both groups.  A superficial look at the total average without looking at the data would suggest that the national “bumpkin-ality” had slightly decreased.  There is nothing “wrong” with any of the numbers.  Both groups did improve.  The total average did go down.  If you want to understand most statistics, you can’t just look at one number.  Don’t say you weren’t warned.   Now let’s talk about kids reading scores…”What’s the matter with kids today?”

� There may have been as few as twenty of these man-engines in England.


� http://hampshire.edu/lspector/parrondo/parrondo.html


�http://cerebro.xu.edu/math/Sources/Montmort/stpetersburg.pdf


� http://www.mathematik.com/Petersburg/Petersburg.html





