The Mississippi Alphabet

Polynomial expansion and Counting


One of the classic problems in textbooks when the topic of permutations with repeated elements comes up is the Mississippi problem.  How many permutations exist for the eleven letters in the word Mississippi?  Students learn a trick for eliminating the duplicate elements by dividing by the number of permutations of the repeated letters, and for the word Mississippi it gives 
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.   The question not asked, in any HS text I have seen, is how many five-letter (or six or four…) permutations (or combinations) are there?  This question leads to a wonderful opportunity to lead students back to the idea that the answers to nCr can be found in the coefficients of (1+x)n.  

A smaller problem to develop the idea  


Before we tackle the eleven-letter monster, let’s explore the combinations and permutations of the letters in tooth.  Combinations should be easy, there is 1 way to pick none, 3 ways to pick one letter, but when we get to two letter combinations a small problem comes up.  We have to count the three possible ways to pick two of t, h, or o, but we have to add the double o and double t, for a total of five.

  For three letter combinations we have {t,h,o}  plus all the possible ways to make a double letter and a single;  tth, tto, ooh, oot; for a total of five three letter combinations.

 For four letter words we can have a double letter, or two double letters. The possibilities are more easily counted by thinking that we can take out either o, either t, or the h; so there are three combinations of four letters.

 There is, of course, only one combination of all five letters so we find a total of 1+ 3 + 5 + 5  + 3 + 1= 18.  This sequence seems not at all related to our familiar arithmetic triangle.  At this point we fall back to ask why the (1+x)n ever worked anyway.  


If we had five different letters, we know that all the combinations can be found by expanding (1+x)5 to get 1+5x+10x2+10x3+5x4+x5.  If we multiply (1+x)(1+x)(1+x)(1+x)(1+x) out by hand we get a feel for why this works… if we multiply one term from each parenthesis we get no x term in only one way; we have to pick the one (choose no x’s) in each parenthesis.  If we wanted to get a term of degree one we would have to pick one x, and four of the ones… and we could pick any one of the five x’s to be the one x we picked.  


So how can we adjust this for the “tooth” example.  Well first, there are only three different letters, so perhaps we only have three parentheses.  And since we can pick 0, 1, or 2 of the t, perhaps our 1+x should be changed to (1+x+x2).  Following this logic we might try to expand (1+x)(1+x+x2)(1+x+x2).  If we do we get 1+3x+5x2+5x3+3x4+x5.  The sequence of coefficients matches, and we think we are on to a pattern.  


If this really works, we should be able to apply it to the Mississippi problem and find, for example, the number of three letter combinations you could make using these letters.  We need to have a (1+x) for the M, and (1+x+x2) for the two p’s, and each of the quadruple letters will need (1+x+x2+x3+x4) since one might pick up to four of them.  When we find the product of these four factors we get 

1 +4x+9x2+15x3+21x4+25x5+25x6+21x7+15x8+9x9+4x10+x11.    So for three letter combination we want to use the coefficient of the third degree term, 15.  Are there really fifteen three-letter combinations?  That seems a lot from only four letters.  Lets count them.     We could have III or SSS so that is two.  We could also have two of one letter and one of another.  There are three possible letters that could be our double, and three others that could be the single, so we should find nine of these.  SSI, SSP, SSM, PPI, PPS, PPM, IIS, IIP, IIM.  Ok, and there are four letters to pick from so there are 4C3 or four ways to pick combinations that have no repeats.  2 + 4 + 9 =15, so the method seems to work.  Can you find the nine two letter combinations that are predicted?

On to Permutations


The traditional Mississippi problem is not about combinations but about permutations. Can our new method help with that?  To help us understand, let’s return to the simpler “tooth” example.  We know from the classic textbook method that there are 
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 possible five letter permutations.  Can you find them all?   Think of their being 6 ways to arrange toot, and five places in each where you could put the h, in front, after the first letter, after the second, etc.  


What about two letter words, how many of those might we find?  We know from our prior work there are five combinations, two double letters and three without a repeated letter.  Each of the two letter combinations like “tho” has 2 permutations, but the two double letter combinations have only a single permutation.  That should add up to 8 in all.  


If all the letters in our problem were unique, we could just multiply the number of combinations by r! to get the number of permutations. Just as in the last paragraph when we wondered how many two letter words there were we knew if there was no repeat letters, there would be 2! Permutations.  The problem comes when we have to eliminate the possible re-ordering of the repeat letters.  If we look back at our product for the combinations, (1+x)(1+x+x2)(1+x+x2) the problem occurs if one of the x2  appear when we select two of the same letter.  If that happens, we need to reduce the number of permutations by dividing by 2!.  An easy way to do this as we go along is adjust the factors to read (1+x)(1+x+x2/2)(1+x+x2/2).  This produces an expanded product of [image: image3.wmf]1
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.   Now if we multiply our coefficient of the second degree term by 2! we do get the 8 we expected… 


Ok, the fractions appearing in a counting situation have thrown you off a little and you wonder about the four or five letter words.  We already know how many different five letter words there are, we figured it above from the traditional textbook method and got 30; and sure enough, if we multiply 5! (1/4) we do get 30.  


Still suspicious, you decide you want to check out the number of four letter permutations.  The method we are developing predicts 4! (5/4) =30 of those also.  Can we list them and be more sure of this approach.  Earlier when we counted combinations we found that there are three combinations of four letters from the letters in tooth.  They are TTOO TTHO  OOHT.  How many permutations of these can there be.  For TTOO there are six permutations.  Think of it as four letters and once we pick two positions for the two T’s the other two spots are for the O, so we have a 4C2 situation.  For TTHO there are six ways to put the double T and two ways to put the remaining HO so that makes 12 more permutations.  OOHT works the same way so there are 12 permutations of that string also.  12+12+6 does add up to 30 so it seems we have a pretty accurate method.  

One Mississippi, Two Mississippi, ….


So now the question is, How many three letter permutations can be made using the letters in the word Mississippi.  Our method leads us to believe that there should be 
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Although the software I did this on does not list them in order, we notice that the coefficient for the third degree term is 53/6 so we expect 53 possible three-letter words.  Earlier in working with the combinations we found that there were four three-letter combinations that have no repetition and each of these have six permutations so that accounts for 24 of the possible words.  There were nine combinations that involved a double letter and one single letter.  Each of these can be written in 3 different orders so that accounts for 27 more.  Then there were the two triple letter combinations SSS and III which have no other permutations so we get a total of 24 + 27 + 2 = 53 three-letter permutations in all just as predicted.  Can you find all the four-letter permutations?

And now for something completely different!


Well, not completely, but very different from the problems you probably saw in the textbook.  Let’s see how this method can be used to answer a somewhat more complex question.  Suppose we have ten ribbons, three are red, four are blue, and three are white.  We want to know how many ways a person might choose six of these under the following conditions.  There must be at least one of each ribbon and the number of blue ribbons must be an even number.  A table seems to be the way to go, so here one is

	blue
	White
	Red

	2
	1
	3

	2
	3
	1

	4
	1
	1


Ok , that wasn’t too hard; but if there had been 20 ribbons and more conditions it might have been a lot tougher.  The question is, can we use our polynomial method to express this problem and solve it?  How shall we represent the Red ribbons?  The number must be even and >0 so (x2+x4) seems right.  What about the others? Well, there are three of each, and there are no restrictions on how many may be taken as long as it is >0, so each can be illustrated by (x+x2+x3).  Let’s see 
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Wait, the coefficient of six shows four, and we only found three…. Did you already figure out that there could also be two of each…  so there really are four possible expansions?  Ok, now you figure out the number of orders the six ribbons could be placed on a wire.
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