Making a Point, Any Point

The Concurrency Theorems of Triangles, and More

I was looking through modern high school geometry textbook the other day, and thumbed by the section on what are called the concurrency theorems, four (usually) theorems that state that lines meeting certain conditions in the triangle, the three angle bisectors for example, will all pass through a single point.  I felt a sense of nostalgia as I reflected on my first experience with the theorems, and the many times I had seen them since, tied to some little interesting curiosity.   In my experience, high school textbooks seldom give life to theorems. An occasional strange exception may appear, but rarely.  Yet the concurrency theorems, or at least three of them, seemed to be bound up in some deep mystery that would make the Da Vinci Code pale.  In this section I want to point out some interesting little theorems about concurrency that are not covered in most textbooks, and in almost every case, the proof is simple enough that the average high school geometry student should be able to understand. Most are short enough to include in the text, the others I will tuck into an appendix or refer you to a source.  

Medians:  If you take a triangle and draw a segment from a vertex that cuts the opposite side or side extended, it is called a cevian, after the Italian mathematician Geovanni Ceva
.  I introduce it only because it is a nice short term to describe a type of segment I will speak of often. 

 
As a student, the first I came to know was the medians.  If you draw a triangle, any triangle, and find the midpoints of two of the edges and then construct the cevian from the opposite vertices to these edges, they intersect at a point inside the triangle.  If you then draw a line from the remaining vertex through this intersection, it will pass through the midpoint of the remaining side….. every time…and as if this piece of [image: image1.wmf]÷
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divination wasn’t enough, the pieces of each segment were always divided into the same 2:1 ratio.  For each of the three medians, the piece next to the vertex was exactly twice as long as the piece next to the opposite edge.  I grew up in the age before desktop computers and wonderful programs like the Geometer’s Sketchpad®, and so each triangle was drawn, and measured by hand.  Excruciating anticipation….  Would it work this time? How do they know it works every time?  

In an age when proof was the method in geometry, my textbook proved neither of these, and in the modern age textbooks are less likely than ever to do proofs.  This seems strange as neither of the proofs is difficult, and they seem to nicely utilize the theorems being taught in the sections on triangles and parallel lines.  I have added a proof of each in an addendum at the end of the chapter for those who wish to see them.  

The intersection of the medians is alternately referred to with the terms centroid, geocenter, or barycenter of the triangle, but I will try to use centroid, mostly. Students in geometry often are asked to construct triangles out of cardboard and then balance them on a pencil point placed beneath the centroid.  It actually works amazingly well. Archimedes knew this as early as 200 BC.  More difficult to show, but perhaps more useful to engineers, is that the point would be the center of mass of equal masses placed at the three vertices.  It is not, however, the center of gravity of the triangular shape constructed by three uniform rods equal to the lengths of the sides.

If we taught more geometry on the coordinate plane and less in abstraction, perhaps textbooks would be more likely to include this theorem.  Given a triangle with vertices at (x1,y1); (x2, y2) and (x3, y3), the centroid of the triangle has coordinates 
[image: image25.png]


.  That’s right, just average the x coordinates and the y-coordinates and get the coordinates for the center of gravity.  This has an extension to centers of gravity of any polygon on the plane, but I will save that for later.  The proof of this theorem depends only on the use of the midpoint theorem, a simple relation from similar triangles, the Pythagorean Theorem (disguised as its alter-ego, the distance formula), and the fact that the medians are cut so that the part next to the vertex is 2/3 of the total median length. 

 If we want the median from A to the midpoint of BC we first locate the midpoint, M, of BC as 
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.   Now draw a right triangle so that the hypotenuse runs from A to M and the one leg is parallel to the x-axis, and the other is parallel to the y-axis.  The centroid, G, is located 2/3 of the way along the hypotenuse, and if we drop a perpendicular from G to the side parallel to the x-axis it forms a second right triangle similar to the first, but in a scale of 2/3.  So the x coordinate of g is 2/3 of the way from the x-coordinate of A to the x-coordinate of M, and likewise for the y-coordinate. Some simple algebra establishes the fact for x (replace the letters x, with y to get the other coordinate).  The distance from x1 to 
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-x1.  Now we need to add 2/3 of this amount to x1 to get the x-coordinate we seek.  

[image: image5.wmf])

2

(

3

2

1

3

2

1

x

x

x

x

-

+

+

 = 
[image: image6.wmf]3

3

)

2

(

3

3

2

1

1

3

2

1

x

x

x

x

x

x

x

+

+

=

-

+

+


The geometry of three-space is an even more important area of under-coverage for modern textbooks.  I once quipped to a class that modern texts treated three-space as if no one lived there.  After a brief but deafening silence, I went on.  I mention it here because relationships like the ones in the median call out to the mathematical mind for generalizations.  What would be most like the three-space version of a triangle?  Would it have anything like medians?  Would they intersect, and if so, would there intersections have relationships anything like the ones we have found here?   

If you choose the tetrahedron as the 3-space equivalent of the triangle, (and that is not the first choice of many students) one median-like segment can be thought of as the line going from a vertex to the centroid of the opposite face.  For lack of a standard term, I have called these medial segments, and collectively, the four medials of a tetrahedron. Using coordinate geometry it is not too difficult to prove that they do intersect at a common point.  Interestingly, the point cuts the medial segments into a ratio of 3:1
, and it also has x,y,z coordinates that are the averages of the respective values of the four vertices.

[image: image11.png]


If you take the three medians, and imagine sliding two of them, it is [image: image12.png]


 almost transparent that they will form a triangle.  Imagine sliding BF along the base BA until it reaches the midpoint D.  Now slid AE along side BC to point C and like a rabbit out of a hat, presto, a triangle. But each time, the triangle will have exactly ¾ the area of the original…. Honest, every time!  

OK, a proof for you skeptics.  When we moved BF to become DF’ we kept it the same length and parallel to the original. D is the midpoint of AB, and so the part of DF’ in the triangle (ABF must equal ½ of BF, and also ½ of DF’.  So the area of (CDF is half inside (ABC and half outside.  Now I will show that the half inside is 3/8 of the area of (ABC, and that will prove the whole of (CDF” is ¾ of (ABC.  Since CD is a median, it cuts the area of (ABC into two equal parts.  One of these two halves of (ABC, (the (ADC half) is all inside (DCF’ except for the triangle in the corner by vertex A.  Now the area of (ABF is also ½ the area of (ABC, and the corner cut off by DF’ is similar to (ABF but with a  ratio of the sides of 1:2.  If the ratio of the sides is 1:2, then the ratio of the areas is 1;4, and so the little corner triangle is ¼ of ½ of the area of  (ABC.  That leaves 3/8 of (ABC to be in the intersection of (ABC and (CDF’, confirming that the whole area of the triangle formed by the medians is ¾ of the area of the original triangle.  

 
Before we leave the medians to look at other triangle concurrency theorems, let’s explore a little farther. The midpoints of the sides played an important part in finding the centroid of a triangle, so it may not be a surprise that they play a part in finding the center of gravity of a quadrilateral.   The line segment joining the midpoints of two non-adjacent sides of a quadrilateral are called the bi-medians.  The center of gravity of equal point masses located at the vertices of the quadrilateral is the intersection of the bi-medians.  If you recall, the centroid of a triangle (and a tetrahedron) could be found by averaging the respective x and y components of the vertices.  The same property is true about the centroid of the quadrilateral.  The centroid can also be found by taking the midpoint of the segment joining the midpoints of the diagonals of the quadrilateral. 

If the midpoints of opposite pairs of edges of a tetrahedron (look at the right hand figure above and try to see it as a tetrahedron rather than a quadrilateral) are connected, they will all intersect at the tetrahedron’s centroid also. Recently while rereading Great Moments in Mathematics before 1650 by Howard Eves I found that this extension is called "Commandino's theorem". It is named for Federigo Commandino and was published in his De Centro Gravitatus Solidorum [On centers of gravity of solids] in 1565. Commandino translated many of the classic Greek mathematical texts and a quote from St Andrew’s University web site says that Commandino" had the greatest influence of anybody in ensuring that the classic Greek mathematical texts survived by publishing his editions of them." 

Before you get the idea that all the ideas of two space triangle concurrency can be transferred to tetrahedra, let me point out that, in general, the altitudes of a tetrahedron do NOT intersect in a single point.  In fact the altitudes will only concur in the case of the orthocentric tetrahedron, one in which each pair of opposite edges are skew perpendicular.
The angle bisectors:    The second of the three cevians is the angle-bisector.  If you imagine placing a circle inside a triangle and then “inflating” it like a balloon until it is just touching all three edges, you get a circle called the incircle.  The intersection of the angle bisectors is the center of the incircle and for this reason is called the incenter. Constructing the angle bisectors is the traditional way of finding the circle that just fits into the triangle.  
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 It is easy to show that the line from a vertex to the incenter must be an angle bisector, and thus all the angle bisectors must pass through the incenter.  Since the lines BA and BC are tangent to the circle, IFB and IEB are right triangles with the right angles at F and E respectively.  IE and FE are congruent radii, and IB is the hypotenuse of each triangle, so triangles IFB and IEB are congruent triangles with angles FBI and EBI congruent, thus BI is the angle bisector of FBE. The same approach for all three vertices confirms the theorem.

[image: image14.png]



Although the relationship between the portions of the angle bisectors cut off by the incenter are not a simple constant like the 2:1 ratio of the medians, there is a rather simple [image: image15.jpg]


relation (which seems almost never to be given in geometry books).  The areas of triangles AIB, BIC and CIA make up the total area of ABC.  Each of the segments IF, IE and ID (not shown) is perpendicular to the sides of the triangle and each is equal to the radius, r, of the in-circle. If we adopt the usual convention of calling side (a) the side opposite angle A, and similarly for sides (b), and (c); then the total area is given by  (a ) r/2 + (b) r/2 + (c) r/2  and factoring out the r/2 we get Area = (a+b+c)r/2.  

ID is the altitude of triangle AIC and BH is the altitude of the triangle ABC.  Since they have b as a common base, the ratio of the area of AIC to ABC must be in the same proportion as ID:BH.  But looking at similar triangles JID and JBH we see that the ratio of JI to JB is also ID: BH   We have the area of AIC = r/2 (b) and the area of ABC= r/2(a+b+c) so the ratio of these areas, b/(a+b+c), is the ratio of JI to JB.   

We will return to talk more about these in a moment, but first we should examine a third of the common concurrency relations, the intersection of the altitudes.  [image: image16.png]


The altitudes are a little different than the two previously mentioned cevians; the intersection can occur outside the triangle. The point where the altitudes intersect is called the orthocenter
.  In the drawing we start with a triangle, ABC, inscribed in a circle with center at O, and find the centroid of the triangle, G, and the median CE.  If we rotate the point O about G and double the length we get a point J, so that JGO is a line and JG = 2 JO.  We want to prove that J is on the altitude from Vertex C.  Now form the triangles GJC and GOE.  We know that CG/GE is 2:1 (it is a median) and we constructed JG so that JG:GO is also 2:1.  With these two ratios alike, and the fact that the angles in the two triangles at vertex G are a vertical pair, we have established that the two triangles are similar, and so the segments CJ and OE are parallel.   OE is a perpendicular bisector of AB and so it is perpendicular to AB.  Since CJ is parallel to OE, it must also be on the perpendicular to AB that passes through point C, an altitude. 

 If you imagine we had picked the point E to be on side BC instead it would not have changed points O, G, or J, but the other side of the triangle would have been AJ, and so AJ is on the altitude perpendicular to BC.  The exact same argument for side AC proves that J is the orthocenter, the point of intersection of the three altitudes.  In showing that the altitudes were concurrent, we got a little freebie.  The two similar triangles above are in a 2:1 ratio, and so we know that the distance CJ is twice the distance OE.  But this would be true of the corresponding parts of any altitude in any triangle, and so we have established that the distance along any altitude from the vertex to the orthocenter is twice the distance from the circumcenter to the opposite side of the triangle.  

There is no known (at least not to me) relationship for the ratios of the two parts of the altitude like the ones for the medians and angle bisectors.  However, if we look at the figure with a keen eye, we are led by a sequence of interesting observations to produce an even more interesting conclusion.  The figure below shows a triangle and the circumscribing circle, and the orthocenter, H.  If we look at the angles CDA and CBA, we realize they must be congruent since they both subtend the same arc.  But angle CHF is also congruent to angle CBA because both legs of the respective triangles are perpendicular (CH is perpendicular to AB and HF is perpendicular to BC)
. But that means that angles CHF and CDF are congruent, making triangles (CFH and (CFD congruent right triangles.  With that little insight, we realize that the reflection of the orthocenter about side BC will be on the circle… but the choice of A was arbitrary, had we started with C the exact same events would have led to the reflection over the side AB also being on the circle.  

[image: image17.png]


What can we do with such an interesting morsel of information?  Looking again at the circle, we are reminded that since the chords CG and AD intersect at H, it must be true that CH*HG = AH*HD.  Now since we know HG=2HT and HD = 2 HF we can rewrite the chord equality as CH*2HT = AH*2HF, and factoring out the twos, we come up with a pretty little proof that the product of the two sections of the altitudes on each side of the orthocenter have a common product.  In this example, CH*HT=AH*HF (which are both equal to the two pieces of the altitude through B ).  Also, using the same product of chords theorem, AF*FD = CF*FH, and since FD is the [image: image18.png]


same length as HF we substitute to get AF*FH=CF*FH, or in more general terms, the product of the whole altitude times the distance from the orthocenter to the base is equal to the product of the two pieces of the base on each side of the foot of the altitude.  If angle A is a right angle, then AF and HF are the same, and we get the well known theorem that the square of the altitude to the hypotenuse of a right triangle is equal to the product of the pieces of the hypotenuse on each side of the foot of the altitude.  

The three vertices of a triangle and their orthocenter have an interesting relationship.  If you take the four points and pick any three to form a triangle, the fourth will be the orthocenter of that triangle.  For example, if we take the triangle ACH, we see that the perpendicular to CH is the segment AB and the perpendicular to AH is CB, so the orthocenter of (ACH must be point B.  

Returning to the fact that the reflection of the orthocenter, H, in any side falls on the circumcenter, we get a second triangle, (PQR, (dotted dark in figure) which are the other ends of the chords formed by the altitudes extended to the circumcircle. I have never seen a name for this, so I will call it the double-orthic triangle since, as I will soon show, it is merely a dilation by two of the orthic triangle (more below). Because each point is a reflection of H in one of the sides of the triangle, we can see that each of points P,Q, and R is the reflection of the others across two of the sides. For example, the reflection of P in BC is H, and H reflected in AC is Q. Since two reflections are twice the angle formed by the lines of reflection, we know that angle PCQ is twice angle ACB. Angle PRQ intercepts the same chord, so we know that Angles PRQ and PCQ are supplementary. Now because PCQ is twice ACB, we see that the angles of the double-orthic triangle are each equal to 180 - twice the opposite angle of ABC
The Orthic triangle is a name for the triangle joining the feet of the perpendiculars, D, E, and F. We have already established that HD = DP and similarly for the other three vertices, so the double-orthic triangle we mentioned above is just a similar copy of the orthic triangle with sides twice as long and the same orientation. It should be clear that the sides of the orthic triangle and the double orthic triangle are respectively parallel. From this we see that the two properties shown for the double-orthic must also be true for the orthic triangle, that is, the orthic triangle has angles that are the supplement of twice the opposite angle, and the sides are perpendicular to the radius of the circumcircle to a vertex. 
Of all the triangles that could be inscribed in a given triangle, the one with the smallest perimeter is the orthic triangle. This has sometimes been called Fagnano's Problem since it was first posed and answered by Giovanni Francesco Fagnano dei Toschi. Fagnano also was the first to show that the altitudes of the original triangle are the angle bisectors of the orthic triangle, so the incenter of the orthic triangle is the orthocenter of the original triangle. OK, Stop. Breath.  The dance of the concurrency points inside triangles is filled with these little pas de duex exchanges.  Don’t try to isolate and memorize each step of the dance, just observe, and enjoy.  Learn to expect them, learn to love them... 

A simple but pretty formula relates the lengths of the sides of the orthic triangle to the sides and angles of the original triangle. For example, in the Triangle ABC, the side of the orthic triangle nearest to vertex A is given by a*Cos (A), and likewise for the other two sides. The perimeter of the orthic triangle, then, is equal to a*Cos(A) + b*Cos(B) + c*Cos(C). It can also be shown that the perimeter of the orthic triangle to (ABC is equal to twice the area of (ABC divided by R, the radius of the circumscribed circle of (ABC.
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Here is one last note on the orthocenter before we try to generalize all these thoughts.  If you take a circle and, from any point outside the circle, call it point A, draw two tangents to the circle and label them X and Y.  Now draw a diameter for the circle, any diameter, and locate its endpoints B and C on the circle.  Now find the orthocenter of the triangle formed by ABC.  Amazingly, no matter what diameter you drew, the orthocenter will lie on the line that connects the two tangent points X and Y.

 
If triangle ABC is obtuse the orthocenter may be on the part of the secant XY outside the circle.  

There are actually two properties that are true for all of the cevians. The first is easiest to explain in terms of medians so I will illustrate the principal with them.  Since the centroid divides the medians into a 2:1 ratio, the section nearest the vertex is 2/3 of the whole median.  If we add these ratios for all three medians, we get a sum of two.  Surprisingly, although there is no fixed ratio for the angle bisectors or altitudes, if you form the same fractions and add them, you will also get two.  This is easy to show for the angle bisectors. The bisector from angle C for example, will have a ratio of (a+b)/P  [where P= a + b + c] .  The other two will have ratios of (a+c)/P and (b+c)/P and so summing them all we get 2P/P  = 2.  If you test, you will find the same property works with altitudes also.  When we add the fractions of the three concurrent cevians that is on the side of their intersections nearest the vertex, the sum is always two.

The second theorem that is true for all the cevians we have looked at states that if you take the six sections of the sides divided by these cevians in order around the triangle[image: image20.png]


 and form the ratio of the pair on each side, the product will always be one.  Using the triangle shown, that means 
[image: image7.wmf]1
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This can be adjusted with appropriate selection of signs so that it works even when the intersection is outside the triangle.

So what is it about the three cevians we have illustrated that makes them obey these two special properties…. well, nothing actually.  If you pick any point in the interior of the triangle and draw the three cevians from the vertices to the opposite sides, and measure carefully, you will see that they obey both of these relations.  The second of the two is usually referred to as Ceva’s theorem after the previously mentioned G. Ceva
.  The proof is [image: image21.png]


simple enough that we give it here, using the diagram at right. The line YCX is constructed parallel to AB.  The unlabeled intersection of the cevians will be point P.  This makes several pairs of similar triangles; (CXD~(BAD, (EYC~(EBA, (CYP~(FBP, and (CXP~(FAP.  From these we can get CD:BD = CX: AB, AE:CE = AB:CY, CY:FB = CP:FP, and CX:FA = CP:FP.  The last two can be combined to give CY:CX = BF:FA.    Now using the first two and this last combined form we form a product of the left and right sides to get 
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  but on the right sides we have all the factors in the numerator matched with a factor in the denominator, so it is equal to one.    

The numbers of concurrent lines in a simple triangle seem almost endless.  There are web sites that list, literally, hundreds of triangle “centers”.
  While many of them are cevians, (remember that cevians all pass through a vertex of the triangle) some special ones are not.  One common example is the perpendicular bisectors of the sides of a triangle, which are the fourth concurrency theorem usually mentioned in HS texts. These all pass through a common point, not always inside the triangle, which is the center of the circle that passes through all three vertices of the triangle.  The point is usually called the circum-center. A second set of concurrent non-cevians are the lines that pass through the midpoints of the sides and intersects the triangle so as to divide the perimeter into two equal parts.  

[image: image22.png]


 The term we will use for these segments is cleaver, a term which, if I am interpreting Ross Honsberger
 correctly, seems to have been coined by Dov Avishhalon around 1963. There are three of these in any triangle and they will also meet in a single point.  The point is the in-center of the medial triangle (the triangle formed by connecting the midpoints of the three sides), mentioned earlier as the Spieker Point (footnote 2).  In the figure, (NUMBER THE FIGURE) triangle ABC is cleaved into eq[image: image23.png]


ual half perimeters by the line through midpoint M of AC and the point P.  It should be obvious that the cleaver will cut the longer of the other two sides unless the triangle is isosceles.  Archimedes, apparently, did not spend all his time in the bath, for he also came up with a theorem
 that said that the point P which divided the chords CB  + BA into two equal halves can be found by drawing a perpendicular from the midpoint of the major arc ABC to the longer of AB or BC.  

The point from the vertex to the midpoint of the opposite side will split the triangle into two equal areas.  As shown above, we can find a cleaver, or perimeter splitting line, by using the midpoint as one end.  We can also find a line that breaks the perimeter into two pieces that passes through the vertex.  This is sometimes called a “splitter” to differentiate it from the “cleavers”.  (If I make jokes about “Leave it to Beaver ” here, I will show my age, so I will resist the temptation.)   The foot of the splitter from vertex B will fall at the point where the circle drawn tangent to the rays BC and BA, and the segment AC touches AC.  A circle like this is called an ex-circle of the triangle, and one is externally tangent to each side of the triangle.  These splitters also meet in a point, called the Nagel point (You can find more about the Nagel Point, and the Nagel Line at http://agutie.homestead.com/files/index.html .  I also have more on the similarly constructed Gergone point and some extensions at the end of the article). Because splitters are cevians, they will obey the two general properties of cevians that the fractions of the each splitter between the vertex and the Nagel point will sum to two.   Cleavers are not cevians, and my unproven conjecture is that they will always sum to less than two, with equality only in the case of an equilateral triangle, in which case the splitters and the cutters will be the same.    

If you start with a splitter or a cleaver, it seems quite easy to imagine moving both points along the perimeter an equal amount and getting another segment which would divide the perimeter into two equal parts. We can even imagine moving the points continuously around the perimeter and watching a line segment spin around the triangle that constantly bisects the perimeter.  Can we find one of these segments that also cuts the area into equal halves?  As it turns out we can, and in some triangles there will be as many as three of them.  

The proof that at least one solution must exist is kind of pretty, so I will take time to show it.  We begin with an arbitrary scalene triangle.  Imagine that you have a line segment xy that meets the condition of cutting the perimeter in half, maybe a splitter or a cleaver, but it does not cut the area in half.  Now imagine that you are standing on point x, looking along the segment toward point y.  The area inside the triangle to the left of the line as we view it will be called area L (for left) and the area to the right of the line is area R. Area L could be larger or smaller than R (remember we assumed they were NOT equal), so let’s assume in our case it is smaller.   Now hold on, we are going to move point x, and as we do point y will move around the perimeter also, so that the perimeter is always bisected.  As we move, we keep track of the size of area L and area R, each of which may be changing gradually as we move.  Eventually, point x arrives at the point where point y was in the beginning.  We have moved half way around the triangle, and point y is where point x was in the beginning.  If we look at areas L and R, we realize that they have exactly swapped since we started.  So now area L is larger than area R.  If the sizes changed so that L moved from less than R to more than R, there must have been a point where they were the same.  This idea is called the intermediate value theorem in calculus.  All it requires is that the two values change smoothly.  That neither one jumps from one value to another without touching all the numbers in between.  
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Ok, so one (at least, and there could be as many as three) exists; but can we find it?  In working toward trying to find a construction for this (and as of yet I have not found a geometric construction, so I advise working with an interactive geometry program to get a feel for these ideas), I came across another little interesting theorem.  If you draw a line, XIY, through the incenter I of a triangle, ABC, and measure the area of triangle XAY and the length XA + YA, the ratio of (XAY /(ABC = (XA+YA) /Perimeter of (ABC.  Although the proof of this eluded me for several days
, it is pretty easy.  Drawing in the radius, r, of the incircle and the line from the incenter to vertex A we can see that the area of (AXY = ½ r(AX ) + ½ r(AY) or factoring out the ½ r we get area (AXY = r/2 (AX+AY) .  It is well known, and easy to see from the picture, that the area of (ABC is given by ½ r (AB + BC + CA) or ½ r (perimeter (ABC).  Putting the two equations together and dividing out the ½ r, we get the desired ratio.  

The line(s) that divide both the perimeter and area into two equal parts will also pass through the incenter.  A triangle may have one, two, or three such isometric cutters depending on the relation of the sides and angles.  In general, if the angles are nearly alike, there will be three solutions, but if there is one very different than the others, there will be only a single solution.  If you gradually alter the angles you will get a point where the number of solutions suddenly changes from three to one. In between, there was a single moment when there were only two solutions.  At the moment I’m struggling with a way to present this easily, but an interactive web site where you can play around with it is at http://www.math.colostate.edu/info/applets/bisect_triangle/bisect_triangle.html .

My hope was to end this with a neat method of constructing the line(s) which form the isometric cutters, but it has eluded me.  If you find one, drop me a note.  Instead I will close with some ideas about the Gergone Point, and some related topics.  The Gergone point is the intersection of the segments from a vertex to the tangent point of the incircle with the opposite side.  If you construct one of the excircles and find the points where it is tangent to the sides (or sides extended) of the triangle, then the rays drawn from each vertex to the point of where the circle is tangent to the opposite side will also be concurrent.  I have not seen Gergone’s name used on this point, but he seems the most apt name to use.  
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Perhaps even more impressive, if any type of conic section was used instead of a circle, and drawn tangent to the three sides of the triangle, the lines joining the vertices to the points of tangency will still be concurrent.  

� See a biography at the University of St. Andrews web site;   http://www-history.mcs.st-and.ac.uk/history/Biographies/Ceva_Giovanni.html


� The center of gravity of three rods forming a triangle is given by the Spieker point, a point found by constructing a triangle with the three midpoints as vertices, then finding the intersection of their angle bisectors.


� The extension of triangles and tetrahedral into four space is called a simplex, or a hypertetrahedron.  If that sounds like too much, we also use the term pentatope, for “five points”.   I would bet that if there is a similar object meaningfully defined in four space which has a similar relationship, then , yup, the ratio is cut 4:1.  


� Ortho was the Greek root for erect, or vertical, hence something is orthogonal when it is vertical (in terms of some other base which is the ground). A recent thread on the Historia-Matematica discussion group pointed out that Euclid did not address the concept of the orthocenter in the Elements. Archimedes did address the concept, although not by that name. A posting by Emili Bifit provides a quote from an article by John Satterly that gives credit for the creation of the name "Orthocenter" to Besant and Ferrers in 1865. 


"Note_: As a matter of historical interest our readers may be reminded that the term ``Orthocentre'' was invented by two mathematicians, Besant and Ferrers, in 1865, while out for a walk along the Trumpington Road, a road leading out of Cambridge toward London. In those days it was a tree-lined quiet road with a sidewalk, a favourite place for a conversational walk."�From Mathematical Gazette, Feb 1962, pp 51





� I wondered as I wrote this if there is actually a theorem in elementary geometry texts that says, if the two rays of one angle are mutually perpendicular to the two rays of another, then the angles are congruent.


� Ceva published the theorem in De lineis rectis (Concerning Straight Lines), published in 1678. 


� Actually the web site of Professor Clark Kimberling at � HYPERLINK "http://faculty.evansville.edu/ck6/encyclopedia/" ��http://faculty.evansville.edu/ck6/encyclopedia/�, listed over 1,100 when I wrote this.  


� Honsberger, Ross, "Cleavers and Splitters." � HYPERLINK "http://www.amazon.com/exec/obidos/ASIN/0883856395/ref=nosim/weisstein-20" �Episodes in Nineteenth and Twentieth Century Euclidean Geometry.� Washington, DC: Math. Assoc. Amer., pg. 2, 1995


� Usually called the “theorem of the broken chord”.


� As I was struggling to understand these problems, I communicated with an excellent young teacher from California named Joshua Zucker.  It was he who guided me to the solution.
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