A Method of 

Fair Division

 for 

Rent, Chores 

and

other Unpleasant

fixed-value items

To extend the textbook coverage of fair division, which focuses primarily on division of assets, I want to describe a method of fairly dividing the allocation of rents or chores.  In each of these cases I have used the simplification that the total outlay is fixed; we assume a fixed rate for the rent, and a fixed amount to be paid for all the chores assigned.  In each case I describe the method with an example.  The method is not sure to produce a single solution in the cases of ties, and is not envy free, but like the division of assets, gives each person more than their self-described fair share.

Who gets the room with a view?  

Assume that n people have rented a room with n not equally desirable rooms at a fixed rate of $m per month.  How shall they decide who gets which room, and who pays what share of the rent.  One method is based on the “sealed-auction” plan and allows each person to bid what they wish to pay for each room, with the constraint that each person’s bids must add up to the total rental amount.  


We proceed with a three room example.  Persons A, B, and C go together to rent a home in which the master bedroom is much more desirable than the two other rooms.  Of the remaining two rooms, we assume an inequity such as one may be slightly larger or have more window space.  The total monthly rent is assumed to be $1000.  Each of the three people submits their closed bid for the three rooms, with a  total of $1000.  The matrix below shows an example of what they might have bid for the rooms.

	
	Master bed
	Room with view
	Enclosed room

	A
	450
	350
	200

	B
	400
	350
	300

	C
	450
	400
	150


To decide who gets which room, we take the assignment which generates the greatest rent.  For example putting A in the master bed, C in the view room, and B in the enclosed room generates 450 + 400 + 300 = $1150  while putting C in the Master room, A in the view room, and B in the enclosed room generates only $1100.  We check each of the six possible assignments to determine the maximum rent, and then assign the rooms to those bids.  But now we have $150 more than the required rent.  We divide $150 by three to get $50, and each person’s room rent for their assigned room is reduced $50, so that A gets the Master room for $400, C gets the view room and pays $350, and B gets the enclosed room for only $250.  Each gets a room for less than they felt was a fair price for it, and the person who took the lowest quality room, gets the biggest discount on what he/she bid.  

	
	Master bed
	Room with view
	Enclosed room

	A
	400
	325
	275

	B
	500
	250
	250

	C
	550
	400
	50



It is possible for the person who bids the most for a room not to get that room.  Look at the table below.  The maximum revenue comes with the assignment of the master Bed to B, and the view room to C; even though C bid the most on the master room.  C does get the room with a view for $58.33 less than his $400 bid, however.

And who has do the dishes???


In a similar way, the assignment of jobs in a workspace or chores in a family home, can be handled in a similar way, except the approach goes to a minimization of the value paid.  We show an example with three chores, and a weekly remuneration for the three chores of $100.  Each of the children must bid for the three jobs according to how much they want to get paid if they have to do that job, and the total of the bids for each child must add up to the total of $100 for the jobs.  Notice that now they are bidding high on the jobs they like to do least, and lower on jobs they feel are less objectionable.  


Our example shows the chores are doing the dishes each evening, doing the laundry each weekend for the family (wash and iron),  and doing the yard (mow/rake/trim bushes).  Suppose the matrix looks like the one below:

what they might have bid for the chores.

	
	Dishes
	Laundry
	Yard work

	A
	20
	25
	45

	B
	30
	40
	30

	C
	20
	30
	50



Now we search for the lowest assignment cost.  The lowest cost would be to assign C to the dishes, A to the Laundry, and B to the yard work for $75.  This leaves and extra $25 in the budget, so each is paid an additional $8.33 for their chores meaning that A will do the laundry for $33.33, an increase of 33% over his expected wage for the chore.  B will do the yard work for $38.33, and C will do the dishes for $28.33, a whopping 41% increase over his desired wage for the job.  

