Ceva’s Theorem


and an Introduction to


Barycentric Methods





Introducing Ceva’s Theorem: The theorem which bears his name was in print at least three hundred years before Giovanni Ceva wrote about it, and may have been know to the early Greek geometers.  However improper the name, the theorem itself is a beautiful mathematical relationship.  


   To help you see the idea, a brief exploration is in order.  I have assumed the use of the Geometer’s Sketchpad for this, but the exploration can be done by other means as well.  


Exploration 1. 
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  Step 1.  Create a triangle ABC and a randomly selected point P inside the triangle.  


  Step 2.  Draw a segment from each vertex through P to the opposite side of the triangle.  Label these points A’ (opposite A), B’, and C’.  


  Step 3.  Measure each of the lengths AB’, BC’, and CA’ and find the product of these three lengths.


  Step 4.  Repeat step 3 for the lengths AC’, BA’ and CB’ and their product.  


  What do you notice about the two products?  Keep in mind there may be some round-off error in measurements.


  Step 5.  Now move Point P around inside the triangle and watch the value of the two products above.  Is your previous observation true for all the points you selected? What if you adjust the lengths and angles of the triangle?





 Ceva presented the result in a slightly different form, so we will show that as well.  Using the measurements from above.  Find the ratios of AC’:C’B; BA’:A’C; and CB’:B’A.  Find the product of these three ratios.  This product of three ratios is the way Ceva’s theorem is most often expressed.  The amazing fact is that it is true for any triangle, and any point inside the triangle.  We write the Theorem in its traditional form below � EMBED Equation.2  ���





	The converse of Ceva’s theorem is also true.  If points A’, B’ and C’ exist on sides a, b, and c of triangle ABC so that the ratios above have a product of one, then the three segments from the vertices to the points on the opposite legs will intersect in a single point.  The geometric term for intersecting in a single point is called concurrence, and we say the three lines are concurrent.  The term Cevian is frequently applied to a segment that goes from a vertex to the opposite side of a triangle as the segments in this problem do.  At first glance the power of this theorem may not be apparent, but its simplicity and beauty has to be impressive.  


 


Using Ceva’s theorem to solve problems:  





  In this section I will try to give you some sense of the usefulness of Ceva’s theorem with some rather simple problems.


Problem 1.  In triangle ABC, point D is 2/3 of the way from B to C.  and Point E is 2/3 of the way from B to A.  Segments AD and CE intersect at point P.  The ray through P cuts segment AC at point F.  What is the ratio of AF/AC
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Problem 2.  In trapezoid ABCD, BC is parallel to AD. Prove that a line connecting the midpoints of the two bases passes through the intersection of the diagonals of the trapezoid.   (HINT: if you can see problem one hidden in problem two, you are well on your way.)  





Problem 3.  In triangle ABC, C’ is 1/3 of the way up AB and A’ is 1/4 of the way up CB.  The Segments CC’ and AA’ intersect at point P.  The segment from B through P to the opposite side divides it into what ratio?


Problem 4.  The medians of a triangle divide the opposite segment into equal portions.  Prove, using Ceva’s theorem, that the three medians intersect in a common point.


Problem 5. Use Ceva’s theorem to prove the altitudes of a triangle have a common point of intersection.  (begin by drawing two of the altitudes and finding a proportion using similar triangles.. this one is a little tougher than the others)








Barycentric Methods:  Barycenter is an old word for center of balance or center of gravity. The Greek root is barus, and it means massive or heavy.  The root also shows up in baryon, the more massive of the sub-atomic particles, and in the word baritone for a singer with a deep (heavy) voice.  We begin by exposing a wonderful relationship that ties into the previous work with Ceva’s theorem.  


   Create a triangle, ABC, on a rectangular coordinate axis and identify the coordinates of points A, B, and C.  I will use the coordinates  A=(1,2), B= (5,9) and C=(10,1).  A general triangle with no particular special qualities. Now pick any three numbers r, s, and t.  For now it is best to stick to integers and not too large, but that is just to make your computations easier.  I will use the values r=2, s=5, and t=3.  Now we will form a new point by multiplying both coordinates of point A by r, both coordinates of point B by s, and point C by t.  We then add the x and y results of these three products and divide by the sum of r+s+t to make a point P.  Here are my calculations as a model:


 r*A=  2*(1,2)=  (2,4)


 s*B=  5*(5,9)= (25,45)


 t*C=  3*(10,1)= (30,3)  


(2,4)+(25,45)+(30,3) = (57,52)


 (57,52)/(2+5+3) = (5.7,5.2)  


  The first observation is a subtle one.....Point P is inside the triangle.  No matter what values you used for r, s, and t, if they were all positive, the point was IN the triangle. Students who know vectors will recognize this as the sum of fractions of the three vectors from the origin to A, B, and C.


  You should repeat this several times to confirm for yourself that it will always be true and develop a greater understanding about the relationship between the values.  It is easier to put the points in a matrix and multiply to make point p.  Here are the matrices in general form: Ax means the x coordinate of A, etc.  
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This allows you to quickly change the values of r, s, and t and see where the points are.  Let’s use v for the name the sum of r+s+t. The values r/v, s/v, and t/v are called the barycentric coordinates of P. The actual values of r, s, and t are sometimes called the barycentric proportions or the barycentric masses. 


     We will spend the rest of this project studying these barycentric values and their impact on the point P.  Note right away that by the way we have defined them, the sum of the coordinates will equal 1 and that all of them are non-negative.  Here are some questions you should be sure to answer before you go on with this unit.  In each case you should draw the triangle and plot the point P for each r, s, t outcome.  


Question 1 What happens to the position of Point P if one of the numbers is much greater than the other two?


Question 2 What happens if all the values of r, s, and t are the same?  


Question 3  What happens if one of r, s or t is zero?


Question 4  What happens if  two of r, s, and t are zero?


Question 5  Find the Point P whose barycentric coordinates are (.2, .3, .5) in the Right triangle formed by A=(4,0); B= (0,3); and C=(0,0)





BARYCENTRIC PROPERTIES:  OK, we have, hopefully, convinced ourselves that for any set of values r, s, and t, all greater then zero, and for which it is true that r+s+t = 1, a unique point exists in relation to any triangle ABC.  Now we need to see what other details observation might reveal.  Using the same triangle ABC as before [A=(1,2), B= (5,9) and C=(10,1)] and the point P with barycentric coordinates (.2,.5,.3).  Draw the ray AP and find the point A’ where the ray intersects the segment BC.  Measure the lengths of BA’ and A’C and compare their lengths.  What is the ratio of the two segments?  Which vertex is the longer segment closer to? Can you see a relation to the barycentric coordinates?  Repeat this for rays BP and CP and look for a pattern.  


    To help bring clarity to the previous exercise, we need to think of the barycentric coordinates as weights placed at the three vertices. A weight of r is placed at vertex A, a weight of s at vertex B, etc.  It is often helpful to write the barycentric proportions (or the barycentric coordinates) beside the associated vertices on a sketch as in the figure below.   


      �


   When you look at the figure, imagine that segment AB is a balance board, like a teeter-totter or see-saw, that you played on as a child.  C’ is the point that will be the balance point for the weights at B and A.  As you probably recall from your childhood, the heavier person will be closer to the center when it is balanced, and the lighter person farther away.  The distances AC’ and C’B are related to the weights by the laws of torque in physics that assure us the weights will balance if the product of weight and distance on one side is equal to the product of the other side.  As a formula,  using the values in the figure above, we write 2*AC’ = 5*C’B.  We can then express this as a ratio by simple algebra to get BC’/C’A = 2/5 .  A similar approach finds the ratios of the partitions of the other two legs of the triangle.  5*BA’ = 3*A’C which is equivalent to BA’/A’C = 3/5.  The ratio of the third segments parts is left to the reader.  


  Here are some simple problems to help you assess your understanding of the work so far  In each problem assume that the Triangle is ABC, and cevians are drawn through P to the opposite sides with intersections A’, B’, and C’ as in the previous figures:  


Problem 1  If the barycentric coordinates of Point P are given as (.2,.2,.6) Find the ratios AB’/B’C, CA’/A’B, and BC’/C’A .


Problem 1b  From what we learned in the first section, these ratios should obey Ceva’s theorem.  Show that they do.


Problem 2 Assume we know that AB’/B’C = 2 and CA’/A’B =3/2. Find the ratio BC’/C’A.  


Problem 3  If the barycentric proportions are (1, 1, 1) what is the ratio of the sides divisions?  What is the name for Point P?





PARTITIONS OF THE CEVIANS BY P:  In the previous section we learned about the way the cevians through point P divided the three sides of the triangle.  Now we will look at the divisions of the cevians themselves.  You may use your previous sketches, or create new ones.  I will continue to rely on the original triangle ABC as before [A=(1,2), B= (5,9) and C=(10,1)] and the point P with barycentric masses (proportions) (2, 5, 3).  Measure the lengths of AP and PA’ and find the ratio of AP/PA’.  Repeat the measures for BP/PB’ and CP/PC’.  How do these ratios compare to the barycentric proportions.  
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  In our center of gravity model, the segment AP connects the mass of 2 at A with the two masses at the ends of BC which are balanced at A’.  P serves as the fulcrum.  Since there is a mass of 8 (5+3) on the A’ end, and only 2 at the A end, our balance equation will be 2*AP = 8*PA’.  This gives us the ratio AP/PA’ = 8/2.  We expect the distance from P to A to be four times as much as from P to A’ .  What weights will you use to model the partitions of CC’.  If you said 3 and 7 you are correct.  By now you can probably look at the figure and see that CP/PC’ = 7/3 and BP/PB’ = 5/5.  This last statement means that P is the midpoint of B’B and as a consequence the area of triangle CAP is 1/2 the area of CAB (can you see why?). 


    Now measure the perpendicular distance from P to AB and compare to the height from vertex C to side AB.  You should be able to figure out where this ratio in terms of the barycentric proportions.  Confirm your conjecture by predicting, then measuring the similar ratios on the other two sides.


  Try the following problems to help you retain the ideas you have explored.


Problem 1.  Return to the three medians of a triangle.  Since all the sides are bisected, the barycentric masses are (1,1,1). Use this to show that the medians are divided into a ratio of 2:1 by the centroid.  


Problem 2.  Triangle ABC has point P with barycentric proportions of (1,2,3) .  


a)  Find the ratio of BC’/C’A


b)  Find the ratio of  CP/PC’


c)  Find the ratio of  AP/PA


Problem 3.  Triangle ABC has sides of a=5, b=8, and c=10.  Point P has barycentric masses of (2, 2, 3)


a) find the length of AC’


b)  find the length of AB’


c)  Find the ratio of CP/PC’


d)  Use Heron’s formula to find the area of triangle ABC, then find the area of triangle ABP


 


FINDING BARYCENTRIC PROPORTIONS:  By this point, we should be able to find the ratios of the partitions of the sides and cevians when we are given the barycentric masses or coordinates.  But what if we know the partitions; can we find the barycentric masses?  With a little logic and a little algebra, we can.  


   Suppose we have triangle ABC and know that AC’:C’B= 2/3 and AB’:B’C = 1/2 as shown in the figure below. It is obvious that we can draw cevians from the opposite vertex to C’ and B’, and equally trivial that we can create a third cevian through the point of intersection of the first two thus creating a point P inside the triangle. We know that any point inside the triangle must have SOME barycentric coordinates, now we wish to find them. 
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Looking first at the partitions of AB we see that the pieces are in a ratio of 2 to 3. (Note that we can use these as actual distances, even though they may NOT be the true distance.  This is because a triangle that DID have these exact distances would be similar to the given one, and have the same ratios.  We use the easier similar triangle since we are looking, for the moment, only at the ratios.)   We know that if C’ is to be a center of balance, then the weight at A times the relative distance AC’  must equal the weight at B times the relative distance C’B, or in algebraic terms; A-mass * 2 =  B-mass * 3.  This tells us that the A-mass must be 3/2 the B mass.  Let us call the mass at point B one unit, then the mass at point A must be 3/2 units. 
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   Now we turn our attention to segment AC.  The ratios are given as 1:2 so we know from our balance formula that A-Mass * 1 = C-mass times 2; but in the previous paragraph we said the A-mass was 3/2.  If we substitute 3/2 for A-mass in the equation we get  3/2 = C-mass * 2 .  This tells us that C-mass will equal 3/4.  Now we have appropriate barycentric masses for the point of intersection.  Our initial masses are 3/2, 1, 3/4; but we may want to multiply by a common denominator to get integer valued masses to make our computations easier.  In this case we would end with (6, 4, 3).  If we have done this correctly, it should check with the known ratios given in the problem. AC’/C’B = 4/6 confirms the 2/3 ratio of AB.  AB’/B’C = 6/3 confirms the 2:1 ratio for the division of AC.  But now that we know the Barycentric masses, we can also find the remaining partitions of side BC as well as the division of the cevians through P.  


   The third side, BC, offers an even better way to test our results.  We can calculate the ratio from our barycentric masses, but we can also calculate it from Ceva’s theorem.  If these two values agree, we feel more sure of our results. Since the B-mass is 4 and the C-mass is 3 we calculate the ratio CA’/A’B=4/3 using a barycentric approach. Now using Ceva’s Thm we work around the triangle in order to get BC’/C’A * AB’/B’C* CA’/A’B = 1.  Substituting the given ratios gives 3/2 * 1/2 * CA’/A’B = 1 and solving we get the same result; CA’/A’B=4/3.  


   Now we can try these ideas on some problems.  


Problem 1:  Draw a triangle and the three medians.  Use the fact that the medians bisect the opposite sides to find the barycentric masses of the geocenter.


Problem 2:   Use the masses above and barycentric methods to find the ratios of the segments into which the medians are divided by the geocenter.


Problem 3:   The angle bisectors of a triangle partition the opposite side into segments proportional to the length of the adjacent sides.  (Given sides of length a, b, and c opposite vertices A, B, and C, the angle bisector of A cuts side a at a point A’ so that BA’/A’C = c/b)  Use this to find the barycentric masses of the incenter.  
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Problem 4:  Use the barycentric masses in 3 to find the ratio of the two pieces into which the angle bisecting cevians are divided by the incenter, and thus, derive my theorem of incenter partitions. 


Problem 5:  In a triangle ABC, A’ is 2/3 of the way from C to B.  B’ is 3/5 of the way from A to C. The cevians AA’ and BB’ intersect at point P. 


a)  Find the ratio of the area of triangle AA’C to ABC.


b)  find the ratio of the area of triangle APB to ABC


c)  Triangle ABC is divided into four regions by cevians BB’ and AA’.  Find the area of each region in terms of the total area of ABC.








