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12.1 Introduction

The pendulum is one of the oldest subjects of scientific inquiry, yet it is still
capable of springing surprises.

One of its most remarkable properties was discovered in 1908 by Andrew
Stephenson, a mathematics lecturer at Manchester University. He showed
that it is possible to maintain a rigid pendulum stably in its ‘upside-down’
position by making its pivot vibrate up and down at high frequency (Fig. 12.1).
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Fig. 12.1 An inverted pendulum stabilized by
vibration.
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Suppose, for simplicity, that the pendulum is a light rod of length / with a
point mass at one end. When the pivot vibrations have an amplitude a which
is small compared with /, Stephenson showed that the inverted state will be

stable if
v2gl
w> = 2 (12.1)

a

where w denotes the vibration frequency of the pivot.
In practice w needs to be quite large; with / = 10cm and a = 1 cm, say, the
minimum value of /2 turns out to be about 22 Hz. Even so, it is still not
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at all easy to visualize how the stability of the inverted state is achieved. We
are all familiar, perhaps, with the idea of balancing an upright pole on the
palm of one hand, but that involves continually moving the ‘pivot’ from side
to side in response to how the pole is toppling over at the time. In contrast,
there is no such ‘feedback’ in Fig. 12.1, and the oscillations of the pivot are
strictly up-and-down.

Subsequent studies have shown that the inverted state can be stabilized
with lower drive frequencies @ and larger drive amplitudes a, provided these
lie within the shaded region in Fig. 12.2, i.e. between the curves L and R.
The first of these corresponds to Stephenson’s criterion (12.1) when a/! is
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Fig. 12.2  Region of stabilisy for the driven inverted pendulum of Fig. 12.1. Fricﬁnnal damping is
incorporated in the model, with k=0.1 (sec eq. (12.13)). Upside-down ‘dancing’ provides an
alternative to the classical inverted state in regions 2 and 3 (see Fig. 12.3).

But even this is not the full story. Only a year or two ago I discovered that
in regions 2 and 3 of Fig. 12.2 the pendulum has two different ways in which it
can avoid falling over. The first is Stephenson’s, in which it gradually wobbles
closer and closer to the upward vertical as time goes on, but the other has the
pendulum ‘dancing’ persistently about the upward vertical, with its bob at all
times higher than the pivot (Fig. 12.3). In region 2 the inverted pendulum
bobs twice in succession on one side of the upward vertical before being flung
across to the other side (Fig. 12.3(a)), while in region 3 there are three
successive bobs on one side of the upward vertical before the second half of
each oscillation cycle (Fig. 12.3(b)). These upside-down limit cycles only take
the place of the simple state in Fig. 12.1 if the pendulum is given a sufficient
nudge away from the upward vertical at r =0 (Ex. 12.1).

We shall present an even more counter-intuitive result on inverted pendu-
lums in Section 12.5, but first we consider some wider aspects of pendulum
motion which are significant for modern research.




