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The Products of Vectors

DOT PRODUCTS .  If two vectors are thought of as one-dimensional matrices, then the dot product is the same as the matrix product, and will produce a 1x1 matrix with a single number. If we extract this number  we get a pure scalar number which is the dot product. For this reason the dot product is also called the scalar product .  In mathematics the word scalar is used for a dimensionless number, like 6, as opposed to a vector.  To find the dot product of two vectors, just multiply the values in corresponding positions and add the resulting products… for example if the vectors are [3, 6, -1]  and [2, 1, 4] then the dot product is given by [3, 6, -1]  . [2, 1, 4]= (3.2)+(6.1) + (-1.4) = 6+6+-4=8. It is the way vector multiplication would be done if a student invented it.    

The dot product is a handy tool because of the following formula (KNOW IT).  For two vectors given by A and B, A.B = |A| .|B| Cos()  where  is the angle between the two vectors.  In words, that means “A dot B is equal to the length of A times the length of B times the cosine of Theta.” This gives us a way to find the angle between two vectors, which is sometimes very hard to do in space (3d vectors).  

Here is an example.   Using the vectors A= [3, 6, -1]  and B=[2, 1, 4] then A.B = 8 as calculated above.  |A|, the length of A, is equal to 
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 and |B|= 
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.  From the equation :

A.B=|A|.|B|.Cos()  we get

8=
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Since the left side is approximately .257, we see that angle  must be about 75.1o

One more step by step example.  To find the angle between two vectors A=[3,1,2] and B=[-2, 5, -3]

1) Find A .B

2) Find the length of A and the length of B

3) Solve the equation A.B= |A||B|Cos()

My attempts at these steps gave 

1) A.B= -6 + 5 –6 = -7 (the negative is adumbrative of an obtuse angle)

2) |A|= 
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 and |B|=
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3)   = 107.67o
If the dot product is zero, the two vectors are perpendicular, since Cos-1(0) = 90o.  

The Cross product.  The cross product is a product of two vectors that produces another vector, so it is sometimes called the VECTOR product to distinguish it from the dot product, which produces a number rather than a vector.  

  The most common way to find the cross product is to expand a determinant by minors where the determinant has rows of the unit vectors in the x, y, z directions (i,j,k) and the two vectors.  (see the example)

Here is an example using the vectors A= [3, 6, -1] and B=[2, 1, 4] from the top of the last page.  

First we write the determinant, 
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 and expanding by minors using the first row we get     
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  and evaluating the 2x2 minors we end up with 25i-14j-9k, or written in rectangular form we can say [25,-14,-9]  .

In your year of geometry you learned that any three non-collinear points will determine a plane.  In a few pages we will use the cross product to  write a  formula for the  equation of a plane (oooh, I’m excited already) containing three given points, but for a more immediate application, we will show here how it can be used to find the area of a triangle…

Cross Product Equation (KNOW THIS ONE ALSO)  |AxB| = |A||B|Sin(). And in English that says “the length of the cross product is equal to the product of the length of the sides times the sine of the included angle”  The right side of this equation should look familiar as the area of a parallogram.  Many weeks ago we derived that when two sides (a and b) and the included angle () were known the area of a triangle was given by ½ abSin(). We want to exploit this similarity…

I will carefully contrive an example so that all our previous work will be of use to us …. Given a triangle ABC with A= (1,1,1), B=(4,7,0), and C= (3,2,5) we want to find the area….  

Begin by finding the vectors AB (from A to B, ie POINT B – POINT A) and AC (from A to C).  These should look familiar.  AB= [3,6,-1]  and AC = [2,1,4] as used frequently before in this paper.  ABxAC =[25, -14,-9] so the length of this vector is 
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= approximately 30.  Since this is abSin(), we need to take ½ to get an area of approximately 15 sq. units . 

Finding the equation of a plane:  

   In the previous page we found the cross product of two vectors formed by using the three points of a triangle given by A= (1,1,1), B=(4,7,0), and C= (3,2,5)  .  We know from geometry that any three non-collinear points determine a plane, and the cross product gives a vector that is perpendicular to the plane.  One of the nicest outcomes in the geometry of three space is that if a vector [a,b,c] is perpendicular to a plane, then the equation of the plane is given by ax+by+cz = p, with the value of p to be determined by the points contained in the plane.  

   In our previous example, we found the perpendicular vector found by the cross product was [25, -14,-9] .  So the equation of the plane that contains the points A, B, and C given above must be 25x –14y –9z =  P for some value p.  We can plug in the coordinates of any of the points to find the value of p.  For example using A=(1,1,1) we get 25(1)-14(1)-9(1) = 2 so the equation would be 25x –14y –9z = 2.  Since this should be the same for ANY of the points on the plane, B and C should give the same result.  Check that they do.  

  Use this method to find the plane containing the points A=(2,1,3);  B=(6. –2, 1);   C= (-2, 5, 4).   Here are the steps in the algorithm:

a)  Find vectors from one of the points to the other two

b) find the cross product of the vectors found in part a

c)  use the terms of the cross product as the coefficients of the equation of the plane

d)  use any point to evaluate the equation to find the constant term

e) check the equation with any other point.

The distance of a plane from the origin

  In weeks gone by we have found that the distance between a line ax+by=d and the origin is given by the absolute value of  
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.    For a plane defined by ax+by+cz=d we can extend this 
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.  As an example, the plane we found passing through the three points A= (1,1,1), B=(4,7,0), and C= (3,2,5) was given by 25x –14y –9z = 2.  We find the distance from the plane to the origin is given by 
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  but this is just 2 divided by the length of the cross product perpendicular to the plane or.067 units (approximately) .  

Try one yourself.  Find the distance from the plane 3x-2y+z = 12 to the origin.

Distance from a plane to a point.   To find the distance from a plane to a point we extend the idea we used for a line in the plane.  Here is an example using the last problem.  Find the distance from the point 3x-2y+z = 12 to the point (6, 2, 3) .  We know that the distance from the given plane to the origin is 
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.  Now we find a plane parallel to this one that passes through the point (4, 1, 2).  Since 3(6)-2(2) + (3) = 17 the equation of the second plane is 3x-2y+z =17.  This plane is on the same side of the origin as the first because the constant terms are the same sign, so the distance between the two planes is 
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 .  Since the point (6,2,3) is on the second plane, this is also the distance from that point to the given plane.  

Try another one yourself.  Find the distance from the plane 4x+2y-z = 23 to the point (-3, 2, 1) .  

Finding the angle between two planes. Similar to two lines in a plane, if two planes in 3-space are not parallel they intersect to form four angles, two congruent acute angles and their supplements.   To find the angle of intersection of the planes, (at a in the image) we first find the vectors perpendicular to the two planes, and then find the angle between the two vectors (at P in the image).  The angle in the plane and the two perpendicular vectors all fall together to form a quadrilateral.  Since two of the angles are right angles, the other two (at P and at A) must add up to 180o.  So the angle at P is supplementary to the angle at A. This is the measure of one pair of the vertical angles at the intersection.  The other pair can be found by taking the [image: image19.wmf]supplement of this angle.  As always, an example to help you see the process

Find the acute angle between the planes 5x – y + 2z = 8 and 2x + 5y –z = 3.  The actual constants make no difference since any two parallel planes will meet a third plane at the same angle of intersection.  The vector perpendicular to the first plane is [5, -1, 2] and the perpendicular to the second is [2, 5, -1].  To find the angle between two vectors we use the dot product formula from the first page, A.B = |A| .|B| Cos()  .  In this case  [5, -1, 2] . [2, 5, -1] = 10+(-5)+(-2) = 3;  |A| = 
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  and |B|= 
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 so we have 3= 30 Cos().  Solving for the value of we find  Cos-1(1/10) = 84.26o.  Since this is an acute angle, the adjacent angle will be 180 – 84.26 = 95.74o.  

Once more, the step by step algorithm is :

a) Find the vectors perpendicular to the given planes

b) Find the angle between these vectors using the dot product formula,

 A.B = |A| .|B| Cos()

c)  Find the supplementary angle for the measure of the other angle of intersection.  

Volume of a tetrahedron:

[image: image20.png]


  A tetrahedron is also a triangular based pyramid and so its volume may be found by using the formula for all pyramids V= 1/3 (base area)(height).  You already know how to use vectors to find the area of the base triangle, and since the height is just the perpendicular distance from the plane of the base, you also know how to find this distance.  We will give a quick illustration of how this may be done using the methods you already know, and then we will illustrate two alternative and somewhat simpler methods to calculate the volume of a tetrahedron.    

 We will select four points to represent the 3-d coordinates of the vertices. Let A=(1,1,1);  B=(5, 3, -1);   C= (-2, 4, 3) and D=(3, -2, 4) .  We will use the formula V= 1/3 (base area)(height). 

 First find the area of  the triangle ABC by using the dot product of the vectors AB and AC (any vectors involving A, B and C will work).  Do the problem before you proceed and check the answers.  

HEY! I said do the problem first, then check down here….. (oh, you did, sorry)

 I got AB=  [4,2,-2] and AC= [-3, 3, 2] .  

The cross product is [10, -2, 18] and its length is about 20.69 units, so the area of the base triangle is ½ 20.69 or approximately 10.35 square units.  

Now we need to find the altitude of the triangle, but that is the perpendicular distance from point D to the plane formed by ABC.  From the Cross product we just found, we know the plane is given by 10x – 2y +18 z = 26.  The parallel plane passing through point D is given by 10x – 2y +18 z = 106 (check my work, I’m notorious for making silly errors here), so the distance between them is 80/20.69 ( 3.867.  Now using V= 1/3 (base area)(height) we get 1/3 (10.35)*(3.867) ( 13.332 cubic units.  

There is a special product called the triple scalar product that can be used also.  The triple scalar product of vectors A, B, and C is given by A.(BxC) and the volume of a tetrahedron is 1/6 this value.  We have already found the vectors for AB and AC, so we need to add the vector AD for the original points.  I got [2, -3, 3].  The nice thing about the triple scalar is that we can do them in any order. The magnitude of A.(BxC) is the same as B.(A*C) or any other permutation of the order except for a possible sign (+/-) which we will ignore in our case since we are taking the absolute value.     

I will use AB.(ACxAD) just to alter the pace from before.  

AB.(ACxAD) = 

[4,2,-2] . ([-3, 3, 2] x [2, -3, 3]) =

[4, 2, -2] . [15,13,3] =

80

The triple scalar value is 80, and 1/6 of 80 gives 13.333 which is distinctly close to the previous answer.  

The dot product will distribute over the cross product, so that we would get the same result if we expand AB.(ACxAD)  to get [ABxAC] . [ABxAD].  (If you are keeping track, this is the third distributive property you have encountered.  Multiplication distributes over addition, A(B+C)= AB+AC. Exponentiation distributes over multiplication.  (2*3)4 = 24*34, and the triple product. )

One of the nice things about the triple product is that it can be found by a determinant of a matrix. Since our vectors are 3 space vectors, and we have three of them, we will need a 3x3 determinant to evaluate.  Placing the vectors AB= [4,2,-2], AC=[-3, 3, 2],  and AD = [2, -3, 3] into a determinant we get 
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  = 80 and as before, the volume is 1/6 80 = 13 1/3 .  

Here is one for you to try… Given the tetrahedron formed by the points A= (4, 10, 5), B= (-2, 5, 13), C= (9, -2, 1) and D= (6, 13, 15)   Find the volume of the tetrahedron by the 1/3 (base area) * Height method, then use the triple scalar product and the determinant method to check.  
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