Unit 6 DSolving Oblique Triangles - Classwor k

A. TheLaw of SinesBPASA and AAS

In geometry, we learned to prove conguence of triangles Bthat is when two triangles are exactly thesame. We
used several rulesto proveconguence: Angle-Side-Angle (ASA), Angle-Angle-Side(AAYS), Side-Angle-Side
(SAS) and Side-Side-Side(SSS). In trigononetry, we take it a step further. For indance, if we knowthevaues
of two angles and aside of atriangle, we can solve that triangle E tha is we can find the other angle and the
other sides.

We have learned to solverighttrianglesin Unit 3. In this section we learn how to solve obliquetrianges B
triangles tha do not have arightangle.

First, let@ start with a generalization for this section. All triangles will have 6 pieces of information D3 angles
and 3 sdes. Theanglesarelabded A, B, and C and the sides are opposte theangles and are labded a, b, and c.

Note that rightangle trigononetry doesn®hdp ushere. Thereis norightangle, thusno hypotenuse. We need
something else. Tha somethingis called theLaw of Sines.

C In both triangleswe drop a perpendicular
In both triangles we can then say

sinA:E and sinB:D
b a

h . .
0 Soh=bsinA andh =asinB
It follows thatasinB = bsin A
B O a b
A c g |and thus——=——
Acute triangle ABC Obtuse triangle ABC SINA_sinB

The Law of Sines
a b ¢

If ABC isatrianglewith sidesa, b, andc, then —— =——=—
sinA sinB sinC

TheLaw of Sinesisredly threelawsin one .a = ,b : ,b = _C and .a = _C . Ineach ong there
sinA sinB sinB sinC sinA sinC

are 4 variables. If youknow 3 of them, you can find the 4™,

Example 1) BPAAS Example 2) - ASA

A=23 a=14 A=72.4 =

B =48; = B= b=3.8in
C= = C=38.7 =

Mog work isdore onthecalculator. Yourjobisto showwha formulas you are usng. To check a problem,

verify tha thelargest angleis opposte thelargest side and the smallest angle is opposte the smallest side
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B. The Law of Sines - SSA

Oneof therulesfor congruenceisnotSidebSide- Angle (SSA). You may have wondeed why not The

problem with SSA istha while 2 sides and an angle may identify atriangle, it is possible tha thetriangle may

not exist with thet information. Or it is possible tha 2 sides and an angle may identify two possible triangles.
L et@ examinethe SSA case morein depth and find tha it breaks up into 6 possible situaions

For al 6 situaions we will assume tha you are given a, b, and A.

Situation 1

A is acute ¢

F S
No triangle possible
e §

Situation 2

A s acute

awmh
One triangle possible

A is acute

Sitwation3

h<a<b
Two triangles possible

Situation 4 P Situation 5 c Situation &
r _ . - )
~._ Alsacute & Aisobtuse \\ Ais obtuse

D \‘\\\ d b \\\\
¥ ‘ N \‘
A 8 A B A B
a>0 a<b a»>b
One triangle possible No triangles possible One triangle possible

Before we actudly attempt to solve atriangle in the SSA case, we mug decide which of the 6 situaionsabove
the problem formis. In mog cases, a ssimple drawing can hdp usdecide

Example 3) Example 4)

A=062; a=5 A=3]; a=22
= b=15 = b=9
= = = c=

Drawing Drawing

Triangles Possible: Triangles posible:
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a=9.2
b=5.5

Triangles Possible:

Example 7)

Triangles Possible:

Example 9)

a=7
b=14
C:

a=12.9
b=21
c=

Triangles Possible:
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A=125 a=16
= b=30

Triangles possible:
Example 8)

A=25 a=11
= b=14
= c=

Triangles posible:

Example 10)
A=38; a=13

= b=21
= c=

Triangles posible:
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In thelast two examples, we find that example 9 is not possible to draw while example 10is notonly possible,
buttwo triangles are possible (it is called theambiguouscase). Y et thereis only a 0.1 difference in the value of
a. Itisimpossibleto tell by eye. So how can youtell?

Theanswer liesintheLaw of Sines. If we set upthe Law of Sineswith the A and B family, we get

asinB=bsinA and sinB = bsmA. Since we knowthat the largest value of sinB is 1, we can deermine
a
whether atriangle can exist.
If sinB= bsmA>L the triangle is impossib| |if sinB= bsmA<L there are two triangles possil
a a

S0 let usshow tha Example 9 has notriangle possible while triangle 10 has two triangles possible.

Example 9) - calculations Example 10) - calculations
A=3§; a=12.9 A=38 a=13
B= b=21 B=__ b=21
C= c= C= c=
SinB = bsmA: SinB = bsmA:

a - a

Note tha the only time we need to go throughthis step iswhen it is undear from the drawing whether the
triangle can bedrawn. This occurs when there is aquestion when the SSA problem is situaion 1 or situaion 3
(studionisvery rare asit yield apefect righttriangle.)

Another way to determine quickly if obtuse triangles are possible isto remember thefact that in any triangle,
thelargest angle mug aways be opposte thelargest ssde Example 6 aboveclearly isimpossible to draw
because angle A=125 mug bethelargest anglein thetriangle. Which meanstha sdea mug bethelargest
sde Butsinceaisgivento bel6andbisgiven to be 30, thetriangleisimpossible.

IMPORTANT: Also note tha this phenomenononly occursin an SSA situaion. ASA and AAS are aways
defined with oneand only onetriangle and the Law of Sines solves this easily.

Now tha we have decided howto determinewhether or notan SSA problem has a solution, we need to actualy
solveit. Agan, let@ assume tha we are given a, b, and angle A and the SSA problem has only onesolution.

#psinA8
Step 1: Find angle B by using thefact that B =sin loB/o—bS: g

Step 2: Find angle C by usng thefact tha A+B+C =180 soC=180" A" B
Step 3: UsetheLaw of Sineswith the A family and the C family.
a C _asinC

sinA sinC sinA
Step 4: Quickly verify your answer by checking to see thelargest sdeis opposte
thelargest angle andthesmallest sideis opposte the smallest angle.

Let@ do several problems that we examined before.
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Example 11) Example 12)

A=3]; a=22 A=99; a=9.2
= b=9 = b=5.5
= c= = c=
Example 13) Example 14)
A= a=19 A= a=1ft10in
B =160 b=28 B= b=_
= = C=4713" c=2ft2in

Findly, let® go throughthe procedure we use when you determinetha there are two solutions Remember, the
only way this can hgppenisif A<90; anda <b. Youdraw thesituaion andrealize tha there are two ways to
bsinA

a

draw thetriangle. When in doubtuse thefact tha if sinB=

bsin A
a

>1, the triangle is impossik and

if sinB=

<1, there are two triangles possit

Assuming tha there are two triangles possible, here is the procedure.

1. Draw thesituaion. Show both triangles. AABC will be the acute
triangle and " AB# will betheobtuse triangle. c
2. Solve AABC first uangtheprocedure above (areminder)
bsin A
a
b. Find C by usngthefact tha C=180G" A" B
asinC
SinA
3. Solve " AB#E by usng theprocedure bdow.
a. Findangle BOn " BB by redizingtha " BB/ isisosceles.
b. Findobtuse angle BOn " ABE by usngthefact tha " AB#€ =180 $" BB/
c. Findlittleangle C by usngthefact tha C=180" A" Bt
asinC

sinA

a. Find B by usngthefact tha B = sin‘l(

c. Find big c by usngthefact tha c=

d. Findlittle c by usngthefact tha c=

This Iooksli~ke alot of work buttriangle ABC is solved usang the basic procedure for onetriangle. The fact that
triangle BB(T isisosceles makes solving the obtuse triangle easy.
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Example 13)

A=25 a=11
B b=14

A=25 a=11
= b=14
= c=

Example 14)

A=38; a=13
= b=21
= c=

A=38; a=13
= b=21
= c=

We have now solved trianglesin theform of ASA, AAS, andif possible, SSA. Tha leaves uswith the cases of
SAS, and SSS. Here are two examples. Explain why the Law of Sines does not hdp us solve them.

Example 15)

I
O T 9
I

8
5

C. TheLaw of Codgnes

Example 16)

A= a=4
B= b=7
C= c=9

Since the Law of Sinesis only hdpful when we have a complete family (a family or b family, or c family) anda
hdf of afamily, we need another law. Tha law isthe Law of Cognes.

In any triangle with sides, b,and c
and angle#\, B, andC.

y2+k2:a2

a’=(c" x)2 +y*

(c" bcosA)2 + (bsin A)2
c®" 2bccosA+ b*cog A+ b?sin® A
c®" 2bccosA+ bz(coé A+sin? A)

a2
a2
a2

a’=b?+c®" 2bccosA
b*=a*+c?" 2accosB

c®=a’*+b*" 2abcosC

Notice tha like theLaw of Sines, theLaw of Cognesisreally threelaws. In SAS problems, you always use the

onefor which theangleis given.
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So hereisthetechniqueto solve problemsin theform of SAS. Note tha no drawingisreally necessary.

Step 1) UsetheLaw of Cognesfor which you are given theangle. For ingance, if you are
given angle A, youwill use a* = b? +¢®" 2bccosA which allows youto say that

a=+/b*+c*" 2bccosA. Inputdirectly into your calculator.

Step 2) Now tha we have a complete family, we now switch to theLaw of Sines. Only
usetheLaw of Cognesonain aprobem. IMPORTANT: to avoid apossible
problem, always use theLaw of Sinesto find the smallest angle remaining. So use
theLaw of Sines with your complete family and the smallest side remaining.

Step 3) You havetwo angles. Find theother angle by subtracting the sum of your two
known angles from 180;.

Step 4) Asbdore, verify your answvers by checking that thelargest angle is opposte the
largest sideand the smallest angle is opposte thesmallest side

Example 17) Example 18)

A=68; a= A= a=6
= b=8 B=14.3 =
= c=5 C= c=25

Thetechniquefor solving problemsin theform of SSSis similar in that we haveto use theLaw of Cognes.
But since we have 3 sides and no angles, we mug solve for an Anglefirst.

Step 1) Youcan use any of the3 Laws of Codnes, However to avoid a potential problem,
usetheLaw of Cognesto findthelargest angle. If aisthelargest sde use

s Lo om . b? +c? - a?
a“=b"+c°" 2bccosA which allows youto say tha cosA= BT
Calculate thevalue of theright side of this equaion on your calculator and take
theinverse cogneof tha answer to find A.

Step 2) Now tha we have a complete family, we now switch to theLaw of Sines. Only
usetheLaw of Cognesoneein aprobem. So use the Law of Sineswith your
complete family and any other hdf family.

Step 3) You havetwo angles. Find theother angle by subtracting the sum of your two
known angles from 180;.

Step 4) Asbdore, verify your answvers by checking that thelargest angle is opposte the
largest sideand thesmallest angle is opposte thesmallest side

Example 17)

Example 18)
A= a=7 A= a=600C
B= b=9 B= b=4000
C= =12 C= c¢=5000
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D. Area of Oblique Triangles

There aretwo formulas usng trigonametry tha will allow usto find the area of obliquetriangles based on given

information. Obvioudy, if thetriangle isarighttriangle, we only need both legs Area = %(basé(heighl).

This formula works when you have two sides and theindudead angle (SAS). But frequently you have three
sides of atriangle and wish to determinethearea. In tha case, we have another formulatha will deerminethe

g ¢ Area = l(base)(hei ht)
> g
Area = lCbsin A
a 2

So we say Area = 5 bcsin A
B o Similarly, Area = laCsinB

A c B 2

Acute triangle ABC Obtuse triangle ABC 1
Similarly, Area = EabsinC

area of that triangle. It is called Heron® (pronouned Hero®) formula.

HersrFormula

If " ABChas sides, b, andc, the area of the triangle is given

Area = \/s(s# a)(s# b)(s# c) wheres= 2+ D¥¢
Find the areas of thefollowing triangles:
Example 19) Example 20)
A=068; a= A= a=6
= b=8 B=143; =
= c=5 C= c=25
Area= Area=
Example 21) Example 22)
= a=7 A= a=600C
= b=9 B= b=4000
— c=12 C= c=5000
Area= Area=
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Example 23) Example 24)

A=31j a=22 A=25j a=11
= b=9 = b=14
= c= = c=

Area= Area=

E. Applicationsof Solving Oblique Triangles

Findly, Now that we can solve obliquetriangles and find their area, we turn to applicationsof these topics.
When solving applications always following these procedures.

1) Draw apicture describing thesituaion.

2) Labd thepicture with variables and be sure you use these variables in your
solution.

3) Identify whether theresulting triangleisan ASA, AAS, or SSA situdion requiring
the Law of Sines or an SAS or SSS requiring the Law of Cosnes. Sometimes you
will have to use these laws first and then use rlghtangle trlgononetry

4) If an areais required decidewhether the SAS formula gArea— — bcsm A'8 is

needed or Heron@formulawhere SSSis required.
5) Always remember to answer the question(s) asked.
6) Always remember to supply prope units to theanswer(s). Circle theanswer(s).

Example 25) A treeleans 7i to thevertical. At apaoint 40 feet fromthetree (onthesideclosest to thelean), the
angle of elevationto thetop of thetreeis 24i . Findtheheaght of thetree.

Example 26) Two markers A and B are onthesame side of ariver are 58 feet apart. A third marker islocated
acrosstheriver at point C. A surveyor deerminestha " CAB=68; and" ABC=52; .

a) Wha isthedistance beween pointsAand C? b) Wha isthedistance across theriver?
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Example 27) A hotair bdloonishoveing over Valey Forge Person A views
thebdloonat an angle of elevation of 25; while person B views
thebdloonat an angle of elevation of 40;. If A andB are 4000
feet apart, find the haght of thebaloon.

e = - - - -

Example 28) Do the problem abovewith the same angles and distances but
assume tha the people are now onthe same side of the
bdloonas seen in the accompanying picture.

Example 29) Two tornado spotters are onaroad running east-west and are 25 miles apart. Thewest man spots
atornado at bearing N37i E and the east man spots the same tornado on a bearing of N56;W.
How far isthetornado from each man and how far is thetornado from theroad?
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Example 30) A small ship travelsfrom alighthous whose lightonly shines east onabearingof N70E a

distance of 8 miles. It then makes aturn to theright and travels for 5 miles and findsitself
directly in thebeam of thelighthoue@ light How far fromthelighthous is the ship?

Example 31) On aregulation basebdl field, thefour bases form asquae whos sides are 90 feet long. The
center of the pitching moundis 60.5 feet from home plate. How far isthe moundfromfirst base?

Example 32) To determinethedistance across alake AB, a surveyor goes to
point C where he can measure the distance from C to A and from
CtoBaswell astheangle ACB. If AB is865feet andBC is
188feet and " ACB=42;18#, find thedistance AB acrossthelake.

A

Example 33) Circular tracts of land with diameters 900 meters, 700 meters and 600
meters are tangent to each other externdly. There are houss directly
in the center of each circle. What are the angles of thetriangle
connecting the houses and wha is the area of tha triangle?
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Unit 6 DSolving Oblique Triangles - Homewor k

1. Solve each of thefollowingtriangles. 3 decima places and decimal degrees unless DMS given.

A=062; a= A= a=194

a B=78; b=11 b. B=72.4 b=
C= c= C=38.7 c=
A=19.2 = A=122.5 =

c.B= = d. B=38.2 =
C=8.7i c=12.4 = c=2.3ft
A=19;15" a=1.01 A= a=

e B= = f. B=82j49" b=3.84mm
C =56;48" c= C=72;39" c=

2. Determine how many triangles are possible in thefollowing SSA situaions Do notactudly solve the
triangles.

A=152 a=42 A=31; a=6
a B= b=55 b.B= b=4.5
C= c= C= c=

Drawing: Drawing:
Triangles Possible: Triangles posible:
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A=15]; a=125 A=68 a=12

c. B= b=79 d.B= b=55
= c= = c=
Drawing: Drawing:
Triangles Possible: Triangles posible:
A=27; a=12 A=58§; a=25
e. B= b=17 f.B= b=30
= c= = c=
Drawing: Drawing:
Triangles Possible: Triangles posible:
A= a=40 A= a=
g. B=122 b=38 h. B=142 b=19
C= c= C= c=6
Don®get upst tha you aren@ given A, a, andb in exercises g - j. Y ou can still draw the pictures.
Drawing: Drawing:
Triangles Possible: Triangles posible:
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A= a A= =
i. B= b=6 j. B= b=50
C=36j12" c C =26i49" c=38

Drawing: Drawing:

Triangles Possible: Triangles posible:

3. These are some of the same problemsin section 2 abovefthos tha have 1 or 2 solutions Solve them. If
they have two solutions you will need to make another chart.

A=31j a==6 A=15]; a =125
a B= b=45 b. B= b=79
C= = C= c=
A= a= A= a=
c. B=14% b=19 d. B= b=6

C=36i12" c=16

= c=6
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A=27
e B=

A=
g.B=

C=26i49"

a=12
b=17
C:

b=50
c=38

A= a=__
f.B= b=14feet

C=103;14" c=5yards

A=58§; a=25

h. B= b=30
= c=

4. Solvethefollowingtriangles usngtheLaw of Codnes (and then thelaw of Sines).

6. Oblique Triangles

a=22
b=
c=16

a=28
b=42
c=55

a=4500mm
b=5000mm
c=4000mm

-15-

A= a=99
b. B= b=41
C=123 c=
A= a=1yard
d.B= b=2 feet
C= c =14 inches
A= a=7
f.B= b=5
C= c=20
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5. Findtheareas of thefollowingtriangles.

A= a=22
a B=42 b=
= c=16
Area=
A= a=28
c. B= b=42
C= c=55
Area=
A= a=4500mm
e B= b=5000mm
C= c=4000mm
Area=
A=1571° a=125
g. B= b=79
C-= =
Area=

A= a=99
= b=41
C=123 c=
Area=
A= a=1yard
.B= b=2 feet
= c=14 inches
Area=
A= a=7
.B= b=5
C= c=20
Area=
A=58§; a=25
h. B= b=30
C= c=
Area=

6. Two roadsintersect at an angle of 52.7 with afield in between. A girl iswaking ononeof theroads1.5
miles fromthar intersection. Her hous lies 0.85 miles from theintersection alongthe other road. If she
cuts across thefield to he hous, how much walking mileagewill she save?

6. Oblique Triangles
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7. Kurt wantsto sail hisboa fromamarinato anisland 15 miles east of themarina Alongthe course, there
are several small islandsthey mug avoid. He sailsfirst onaheading of 70; and then on aheading of 120;
(remember tha headingsangle measures rotated clockwise from the north). Wha is thetotal distance he
travels before reaching theidand?

8. A bdloonis sighted fromtwo points onlevel ground.From point A, theangle of elevationis 18; and from
point B theangle of elevationis 12i. A andB are 8.4 miles apat. Findtheheghtof thebdloonif a) A
and B are on opposte sides of thebdloonand b) A and B are onthe same sides of thebdloon.

9. A golfer takestwo puttsto get thebdl into thehole. Thefirst putt rollsthebdl 10.3 feet in the northwest
direction and thesecond putt sendsthebdl duenorth 3.8 feet into thehole. How far wasthebdl origindly

fromthehole?

10. Two markers A and B are on thesame side of acanyonrim and are 2 &
72 feet apart. A third marker islocated acrosstherim at point C. A N 8
surveyor deerminestha " BAC=70j12#and"' ABC=51;38# Find \ .
the distance between A and C. Vo
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11. A blimp issighted simultaneoudy by two observers: A at thetop of a 650-foottower and B at the base of
thetower. Find the distance of the blimp from observer A if theangle of elevationas viewed by Ais 31i
and theangle of elevation as viewed by B is 58; . Findthe height of the blimp also.

12. Asl complete the Bogon Marathon,| view the top of the Prudential Center building at an angle of
elevation of 7;29". | runonemile closer and nowview theangle of elevation as 11;28". How tall isthe
Prudentia building and how far away fromit am | now?

13. A triangular piece of landin a park isto bemadeinto aflower-bed. £
Stakes have been driven into the groundat the vertices of thetriangle
which we will call B, E, and D. Thegardener can only locate thetwo
stakes at B and E. BE measures 6.2 meters, and the gardener recalls that
theangle a B is 60; andthesideoppostethe 60; angleisto beb5.5
metersin length. Based on this information how far from B should the 6.2
gardene search for the missing stake?

60° D?
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