Unit 11 BAdditional Topicsin Trigonometry - Classwor k

In geometry and physcs, conaoepts such as temperature, mass, time, length, area, and volume can bequantified
with asingle real number. These are called scalar quantities and thereal nunmber assodated with it iscalled a
scalar. Butforce, velodty, and acceleration involve magnitudeand direction and cannotbe characterized by a
single number. To represent these quantities, we use a directed line segment as shown bdow. Thedirected line
segment PQ hasinitial point P and termind point Q and we denote its length by | |Pq | Two directed line
segments tha have the same length and direction are called equivalent. For example, al thedirected line

segments in the diagram bdow right are equivalent. We call each avector in the planeand writev = PQ.
Vectors are denoted by thelowercase boldfaced letters u, v, and w.
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A line segment whose initial paint istheorigin and whose termind pointis (v,,v,) is given by thecomponent
form of v given by v = (v,,v,). Thecomponents v, and v, are called the components of v.

Example 1) Write and draw thevector whos initial pointistheorigin and whose termind pointis:
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¥If P=(p,p,)and Q=(q,,0,) then v represented by PQis (v,,v,) = (q," p,,0," p,) [component form]
¥thelength of vis || |:\/(qL ")’ +(q" p,)° . Thisisaso called the magnitude of v.

Example 2) Find and draw thevector v with initial point P and termind paint Q. Also find the magnitudeof v.

a P(21),Q(5.5) b. P("41),Q(1"3) c. P("5"2),Q("4,4)
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We say tha two vectors v, andv, are equivalentif |v, | = |v,| andther directionsare the same. The best way

to deermineif two vectors are equivalent isto write each in component form. To be equivalent, they should be
thesame.

Example 3) Determineif thevector v with initial point (p, p,) and terminal poinfq,,a,) is equivalent to
vector w with initial point (r,r,) and terminal poinfs,s,)

_v(a3)('5"5) L V(30,09 V(42
w("2,0),(4."8) “w(4,5),("2" 1) " W("1.4),(85)

Vector Operations

Thetwo basics vector opeaations are called scalar multiplication and vector addition. Geometrically, the produd
of avector v andascalar kisthevector tha isk timestha aslongasv. If kispostive, then the vector kv has
thesame directionsasv. If kis negative, then kv has the opposte direction asv.

To add two vectors, we moveoneof them so tha theinitial sideof oneisthetermind side of the other.
Thesumu + v, called theresultant vector, is formed by joiningtheinitial point of thefirst vector
to thetermind side of the second as shown bdow.

To subtract two vectors, we add the negative of the second vector as shown bdow.

~ S

For vectorsu = (u,,u,) andv = (v,,v,) and scalar k, thefollowing operationsare defined.
¥Thescalar multiple of k and vector u isthevector ku = k(u,u,).

¥Thevector sumof u andv isthevector u +v = (u, +Vv,,u, +V,).

¥Thenegative of vector v isthevector -v = (-1)v = ("v,,"v,).

¥Thedifference of u andv isthevectoru-v=u+ (-v) = (4" v,,u," V,).

Example 4) Given thevectorsu = (-3 7) and v = (5,1), find the following:

a)%u b) u+v c) v" u d) 3u - 4v
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Rules such as commutative, assodative and distributive still work for vectors. For example, c(u +v) = cu + cv.
If visavector and cisascalar, then | [ov] |=|c|"| ||| For instance, in the example above find | " 2u] |.

A unit vector is the same direction as theorigind vector butwith length 1. If visanonzro

vector, thevector u = ﬁ isaunit vector.

Example 5) Find aunit vector in thedirection of the following vectors and show that it has length 1.

a v=("34) b. v=("4,0) c.v=(1"1)

d.v=(2"4) e V=<—\/§,—\/7> f. v:<%n/5>

Theunit vectors (1,0) and (0,1)are called the standard unit vectors and are denoted by i = (1,0) andj = (0,1).
These vectors can be used to represent any vector v = (v,,v,) = v,(1,0) +v,(0,1) = v,i + v,j. Wecall
Vv =v,i +V,j alinear combinaionofi andj. Thescaars v, andv, are called thecomponents of v.

Example 6) Let u bethevector with initia point (-3, 7) and termind point (-5, 2) andlet v = 3i - 2j. Writethe
followingas alinear combinaion of i and]j.

a u b) 5v C. 4u-5v
d. -5v +2u e "u"v M
I"u™ v
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cosf,siné

R ) 1 If uisaunit vector such tha " istheangle fromthex-axisto thetermind
point of u, then thetermina point of u lies ontheunit circle and
(cos”,sin") =icos" +jsin" .

If v isany other vector such tha " lies between thex-axis and v, then we
can write that v =|v||(cos”,sin") =||v|icos” +||v||jsin".

'
—

Example 7) Write thevector v given its magnitudeand the angle it makes with the postive x-axis..

a|v|[=5 "=0j b.|V|=8 *=30; c.|Mj=4 =120

d. |V :g " =315 e. |v|[=7 " :direction of 2+ f. ||v|=2 " :direction of # 3i + 4]

Solving Word Problems:

Vector word problems usudly are in theform of two (or more) forces applied to an object. With thequestion
being the magnitudeand direction of theresultant force. The general methodobgy to solve these problemsis as
follows:

¥Writeforceoneas: F,cos";i + F,cos",j

¥Writeforcetwo as F,cos".,i + F,cos",j

¥Add up each component (thei component and the j component) separately. Youwill get numbers for each
so your answer will beintheform ai + bj

¥Themagnitudeof theresultant vector will bethe magnitudeof ai + bj =+/a” + b*
. . H#p&
¥Thedirection of theresultant vector will be tan "% .
a

¥It isrecommended that you make a sketch in order to visudize all theforces.
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Example 8) | push a heavy desk by applyingaforce of 150 poundsat 25; to thedesk. How much forceis
actudly used in pushing thedesk? Wha would hgppen if | increased theangleto 35;?

Example 9) Two tugbods are pushing an ocean liner at angles of 17° to theliner to thenortheast and southeast.
Wha istheresultant force onthe ocean liner if both boas pul with aforce of 500tons

Example 10) Two people are pushing apiano. One person pudesit with 175poundsat an angle of 60; to theb
axiswhile the other pushesit with 250poundat an angle of 30i to thex-axis. In what direction
does the piano move and with how much force?

Example 11) | am in amotorboa crossing ariver with a current of 4 mph. Themotorbod travels perpendicular
to thecurrent at 12 mph. What istheresultant speed of theboa and at wha angle do| hit the
opposte riverbank?

Example 12) A planetraveling 500mph (called airspeed) in the direction 12(° encounters awind of 80 mphin
thedirection of 45°. What istheresultant speed (called groundgesd) and direction of theplane?
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Dot product of two vectors

Multiplying two vectorsis different than adding or subtracting vectors. When we add or subtract vectors, we get
another vector. But when we multiply two vectors, we get a scalar.

Thedot product of two vectors u=(u,u,)and v =(v,,v, ) isgiven by u"v=uyv, + u,v,. Note theresult isa
scalar. Simply multiply thetwo components.

Example 13) Given u=(2"2), v=(5,8), find

au'v b) u”(2v) ) u? d) u"v?

Definition of orthogoral vectors: Two vectors u and v are called orthogoral (perpendicular) if u”v =0.
Perpendicular, normal, and orthogon# al mean the same thing. However, we usudly say tha vectors are
orthogond, lines are perpendicular, and lines and curves are normal.

u#v
Jull #v]
Note that by cross-multiplyingyou get that u"v = |u| | " | |v| |cos# which is another

way of finding thedot-produd of two vectors, further emphasizing tha the
dot-produd of two vectorsisascalar.

Angle between two vectors: If " istheangle between two non-zero vectors u and v, then cos” =

Example 14) Given u=(3"1), v=(4,3), w= <§ g> determinethe angle between the two vectors and

if any of the vectors are orthogona

a) uandv b) uandw c)vandw
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Complex Numbers

We can represent complex nurbers in theform of z=a+ bi - A
onacoordinae plane Thehorizontal (nomally x) is called aT
thereal axisandthevertical axis (nomally y) iscalled the 3+ _
imaginary axis. Some selected points are shown in the 4l
diagram to theright T4 27T -
.. . '. T - =
The absolute value of acomplex number z=a+ bi isgiven : -
la+bi|=+va®+b*. Theabmlutevalueof acomplex number k& 5 5 3 T 1 72 31 4 ]"
geometrically isthedistance fromtheorigin to the point 1T
represented by a+ bi onthecoordinae plane This of 24
course can befoundby the Pythagorean Theorem or the e 0-25
distance formula. Intheexampleto theright, 2.4 3T
|4 +2i| =4 + 22 =+/20. * =
Example 15) Plot each complex number andfind its abslute value
a) 3+3 - A
o
ll4+ H
b) | 3+
c.1 24
d."3" 2 T
} } } i } : } —
3 5 -4 3 -2 -l 1 2 3 4 ]
e 2" =i 1+
2
2T
f. 3i 3+
AT
Trigonometric Form of a complex number
3
If we have the complex nunmbe a+bi andlet * betheangle fromthe T {“"I’},T
postive x-axisto theline segment connecting the origin and the point !,’ '
(a,b), we can write that o b
__}"H f
b=rsin” whae r=+a*+b’ ——+——+>

a=rcos’ and

where

So thetrigononetric form of \z: atbiisz= r(cos” +i sin”)

Ul M n n b - T
a=rcos’, b=rsin",r =+4/a’>+b? andtan” ==. Thisformisaso
a

called the polar form.
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Example 16) Changethefollowingtrigononetric formsto standad form a+ bi.

H#
a z=+/8(cos30; +isin30;) b. z=~/2(cos 35 +isin135) C. 2:50é605§+isin7(

Example 17) Write thefollowing complex nunmbers in trigononetric (polar) form

a z=4/3+4i b.z="7"7i c.z="2=

Multiplication and Divison of Complex Numbers

Back in Algebra 2, youlearned how to multiply and divide complex numbers. The Trig (polar) form of complex
numbers lendsitsalf nicely to such procedures. Suppo you are given two complex numbers

z, =r(cos", +isin",) andz, =r,(cos", +isin",). Then

2z, = 11,(cos’, +isin”;)(cos", +isin",)

22, = 1,1,[(cos",cos”, #sin";sin",) +i(sin"; cos’, + cos’; sin", )]
Using the sum and difference formulas for sine and cosine
2122 = rlrz[coi”l + "2) + I Sin("l + ”2)]
By a similar argument

A =hlcogr #m,) +isin(",#",)] .z, $0
z N

Example 18) Given the complex numbers: z =6(cosl50; +isin15Q),z, = 4(cos60; +isin60;), find
z,
b. =+

a 27,
z,
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Power s of Complex Numbers

To raise acomplex number to a power, we repeatedly use the multiplication rule onthelast page

=r(cos" +isin")
=r(cos" +isin")r(cos” +isin") =r*(co2” +isin2")
Z° =r?(co” +isin2")r(cos” +isin") =r*(cos3” +isin3")
Z' =r*(cos4” +isin4") z° =r°(coss” +isin5")
This leads to DeMoivre'Theorem

If z=r(cos” +isin") andn is a positie integethenz" =r"(cosn” +isinn")

Example 19) Findthefollowing:

a) [2(cos30; +isin305)]7 b. (w/§ i)8

Nth Roots of a Complex Number

The complex number u=a+ bi isan nth root of the complex nunmbe zif z=u" = (a+ bi)”. For apostive
integer n, the complex number z= r(cos” + isin") has exactly n distinct nth rodts given by:

2or w/_§ 8—360ik+ sm—+ ?;]60i kl}

Q/?%os#ﬂsin

wherek=0,1,2, ...n*1

Example 20) Findall thecuberoats of 1
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Example 21) Findthethree cuberoots of 2+ 2i

Example 22) Findthefour4™ roots of 16i.

Example 23) In the previousexample, show that each root raised to the 4™ power is 16i.
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Unit 11 BAdditional Topicsin Trigonometry - Homewor k

1. Writeand draw the vector who initial pointistheorigin and whose termind pointis:

#9 78

a (52 b. (1"4) c. % —(

22
v A A v A
1 4 1
3T 3 3T
T 2 ):

+—+ 1?:“-:1 ——t +—+ 1?:| 1> ——t ?“ 1>
-5 -4 - g L0203 405 -5 -4 g L0203 405 -5 -4 g L0203 405

u1 u1 u1
21 21 21
| | |

2) Find and draw thevector v with initial point P and terminal paint Q. Also find themagnitudeof v.

a P("22),Q(25) b. P(5"3),Q(" 1) c. P(4,"4),Q(1"5)
1 i i
21 i1 11
PRRRRR SR P PRRRRR SR P RN S e
2t 2t a4
E E E
d. P(4,0),Q("1"4) e. P(5"5),Q(" 1) f. P("2.5"0.5,Q("1.5"3.5
1 i i
T T T
PRRRRR SR P PRRRRR SR P RN S e
2t 2t a4
E E E

3. Determineif thevector v with initial point (p, p,) and terminal poinfq,,a,) is equivalent to
vector w with initial point (r,r,) and terminal poinfs,s,)

v (4.2),("31) L v(116)(44) _v(70,(2"9
% w(5"3),(2"4) “w(2"7),(4 4) " W(5,"3),(" 4,6)
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4. Giventhevectors u=("38),v= (6,"2),w = <%?2> find thefollowing:
au+tv b)u-v c) 3u d) 3u" 4v
1 % u+v
€ 6Ww" Zv+u f) [2u+ V| g) — h)
2 vl Ju+vil

5. Find a unit vector in thedirection of thefollowing vectors and show tha it haslength 1.

a v=(512) b. v=(0,"2) ¢ v=("3"3)
d. v=(510) e v=("+10,"6) f.v=(6123)

6. Let u bethevector with initial pant (2, -5) andtermind point (-4, 1) andlet v =-8i - 6. Writethe
followingas alinear combinaion of i and]j.

a u b) -2v Cc. 3u-4v
1 u" v
d.u"v e =(u"v) L
3 Ju il
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7. Write thevector v given its magnitudeand theangle it makes with the postive x-axis..

aM=8 =279 b.|M=2 =60 ¢ V=12 " =330

d. |V ::—; " =225 e. |v|=15 " :direction of 2+3j  f.|v|=6 " :direction ofi #6]

8. 1 push apower lawvnmower with aforce of 220poundswith the handle at an angle of 20; to thegrourd. How
much forceisused in actudly pusing thelawvnmower forward?

9. A hedlth-club exercise machinerequires a user to push down with force on aropeattached to pulleys with
weights onthevertical as shown bdow. If theropeisat 65i, how much weightwill a person pushing down
with aforce of 250 poundsbe ableto lift?

250

65°
O

10. If | swim at 2 milesan hou duenorth and a current of 5 mphisflowing dueeast, howfast do!l swim andin
what directiondo| travel?
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11. 2 men andaboy push adesk from behindit. Adam pushes with aforce of 190poundsstraight ahead. Bill
pushed with 150 poundsl2 degrees to theleft of center and Charlie pushes with aforce of 75 pourds5
degrees to theright of center. What is thetotal force onthedesk in movingit in thedirectionit travels and
wha direction relative to straight ahead doesit go? (Hint: draw a picture usng either thex or y-axisas
center)

12. A motorboé crosses ariver traveling at 14 mph with a current at 4 mph. Wha is the speed of the motorboa
with the current and at wha angle does it approach the opposte bank?

13. People in another motorboa wish to travel straight acrosstheriver tha has a current of 5 mph. They set off
at an angle " tothebank andtravel at 14 mph and go directly acrosstheriver (perpendicular to the
current). At wha angle " did they travel to theriverbank and wha was thar resultant speed?
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14. A shipistraveling duenortheast at 18 knots with a current of 8 knotsin thedirection duenorth. What isthe
true course of the ship andwha isits actud speed (remember that course is measured from the north clockwise)?

15. A planetravelson course 128; at airspeed 450mph. Thereisawind of 85 mphin thedirection of . Whet is
the plane course and groundpeed?

16. A plane@ pilot wishesto fly at groundspeed 400 mph course 45; (duenortheast). Thereisa60mphwind
blowing on course 20;. On wha course and at what airspeed should the pilot fly the plane?
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17.Given u=(4,"5),v =("16),w = <§#> find

au'v b) u"(#4v) ) u? d) uvw

e uv’ f) uv+vw g) (u+v)’ h) (u+v)°

18.Given u=(8"3), v=("25), w= < % §> determinethe angle between thetwo vectors and

if any of thevectors are orthogona

a) uandv b) uandw c)vandw

19. Changethefollowingtrigononetric formsto standad form a+ bi.

#
a z=10(cos60; +isin60; b. z=4/50(cos315j +isin315 C. z=129 0s2—+isin—
gos5 s

20. Writethefollowing complex numbersin trigonometric (polar) form.

a z=3/3"3 b. z="+/32+i+/32 c.z:z_“/é.kﬂ
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21. Given: z =12(co210; +isin210;),z, = 4(cos30; +isin30;),z, = 3(cos75; +isin75;), find
2 2
a b. =+ c. =
22, . .
22. Findthefollowing:
a [3(cos30; +isin30i)]4 b. ("2+2ix/§)4
c. ("1+i)" d. ("17i43)’

23. Findthethree cuberoots of -1.
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24. Findthesguaeroots of 4 + 4i.

25. Findthe4" roots of i

26. Find the 5" roots of 32
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