More on Centers of Gravity

   We return to the realm of two dimensions, to pursue a second question.  Can the knowledge we have gained about triangles help us find the geocenter of more complex polygons.  

Lets look at a general quadrilateral.  We will select a specimen example to work with.  Lets create Quad ADEF so that A=(0,0); D=(5,2); E=(6,5); and F=(0,4). We first divide the polygon into two triangles and find the centroid of each.  Although it might be a little simpler to divide with the segment AE, we will use the other in the hopes of providing a more general example.
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We will call the centroid of ADF G1=(5/3,2) and the centroid of DEF we will call G2=(11/3,11/3). Archimedes established over 2000 years ago that if you put two masses together, the center of gravity of the combined shape would have to lie along the segment joining them.  The vector line segment from G1 to G2 is given by G1+t(G2-G1), and for every value 0<t<1 it represents a point along the segment.  But how far along the segment will it be?  We let the "mass" of each center point be represented by the area of the triangle it is in.  Then we know that the distance from the center to each point times the mass of the point must be the same for both points.  Calling the distance from the center point to G1, x, and the distance from the center to G2, y we see that x times area of ADF must equal y time area of DEF.  Then x/y = (area DEF)/(area ADF).  Using the fact that the total distance between points G1 and G2 is x + y we can use a property of ratios to show that t must equal x/(x+y) which is also (Area DEF) / (Area both triangles).  To find the centroid of the quadrilateral then, all we need is the direction vector from G1 to G2 and the areas of both triangles.  

   Here we remind the reader that the length of the cross product of two vectors represents the area of the parallelogram defined by the two vectors.  In the x,y plane this is especially nice because the cross product of two vectors is only in the z direction, so its length is easy to find. For example, to find the area of ADF we need only write the vectors AD and AF and then take their cross product.  AD= [5,2] and AF =[0,4].  Their cross product is a vector in the Z direction with length of (5*4)-(2*0)=20. This is the area of the parallelogram defined by the two vectors, so the triangle must be one-half this amount. Thus triangle ADF must have an area of ten square units. It is convenient to check this for triangle ADF since it has a base along the y-axis with length of four units, and its altitude out to D is obviously 5 units giving us an area of 1/2 (5)(4)=10 square units. 

   We repeat this method on triangle DEF using the vertex D to write our vectors.  DE= [1,3] and DF = [-5,2].  The cross product length is 1(2) -(3(-5)=17, so the area is 17/2 or 8.5 square units.  The reader may wish to check this area by using Heron's formula or some other method.  You may also remember that the area of a triangle in two space could be found by using the determinate of a 3x3 matrix such as this one. Area = 1/2 * 
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.  In this case it gives 1/2 * 
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= 1/2 * 17 or 8.5, the same answer by both methods builds our confidence. 

 
Knowing the area of ADF = 10 and area DEF = 8.5 we can now state t = 10/(10+8.5) 20/37 as a simple fraction.  We also find the direction vector from G1 to G2 is [11/3 - 5/3, 11/3 - 2] = [2,5/3].  We can now write the coordinates of the center of gravity of quadrilateral ADEF must be (5/3,2)+ (20/37) *(2, 5/3) = (5/3+40/37, 2+100/111) or as decimals, approximately (2.748,2.09)  

   An easy way to test this theory is to divide the triangle with the other diagonal, and repeat the process to see if we get the same center of gravity.  This time the Center of triangle ADE will be G1 =(11/3, 7/3) and G2 = (2,3) will be the center of triangle AFE.  Since A is at the origin, The vectors AF, AE, and AD are easy to find.  We take the cross product length of AD x AE = [5,2] x [6,5] = (5*5)-(2*6)=13 and see the area of ADE = 6.5.  Doing the same with AF x AE = [0,4] x [6,5]= -24 so the area of AEF = 12 square units.  We are reassured by the observation that the total area is the same as before. Since the area around G1 is the heavier, the center must be closer to this end, and t must be less than 1/2.  In this case the actual value of t will be (6.5/18.5 = 13/37)

   
The vector line from G1 to G2 in this case is (11/3, 7/3) + (13/37)(-5/3, 2/3) =  
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